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1. Introduction and preliminaries. Under certain conditions, the set of oc-
cupational measures generated by admissible controls and corresponding solutions of
a control system converges (as the length of the time interval tends to infinity) to a
limit set. If this limit set is independent of the initial conditions within some subset of
the state space, it is called a limit occupational measures set (LOMS) of the system.

Criteria for the existence of the LOMS were discussed in [24], [25], where it was
used as a tool for analysis of singularly perturbed control systems (SPCS).

In this paper, we give a natural representation for the LOMS which enhances
its applications in SPCS. Our main results are stated in Theorem 2.1. We establish
that, under the assumptions made, the convex hull of a union of occupational measures
sets converges to a convex and compact set of probability measures defined in (2.6)
(Theorem 2.1(i)) and that the LOMS of the control system is equal to this set if
it exists (Theorem 2.1(ii)). We also give necessary and sufficient conditions for the
existence of the LOMS (Theorem 2.1(iii)).

The paper consists of six sections. Theorem 2.1 is stated in section 2 and proved
in sections 4–6. Applications in SPCS are discussed in section 3.

Singularly perturbed problems of control and optimization have been studied
intensively in both deterministic and stochastic settings (see [1], [2], [3], [4], [5], [6],
[7], [8], [11], [12], [14], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33], [34], [36], [37], [38], [39], [40], [41], [42], [45], [46], [48] and
the references therein).

Originally, the most common approaches to SPCS, especially in the deterministic
case, were related to an approximation of the SPCS by the systems obtained via
equating the singular perturbations parameter to zero (with further application of
the boundary layer method (see [37], [44]) for an asymptotical description of the fast
dynamics). This type of approach was successfully applied to a number of important
classes of problems (see [30], [31], [38] and also [17], [36], [39], [45] for some recent
results obtained in this direction).
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Various averaging type approaches allowing a consideration of more general classes
of SPCS, in which the equating of the small parameter to zero may not lead to a right
approximation, were developed in [2], [3], [4], [5], [6], [7], [11], [20], [21], [22], [23], [24],
[25], [26], [27], [41], [46].

In [24] and [25], in particular (see also [3], [5], [46] for related results), the slow
trajectories were approximated by the solutions of the averaged system in which the
controls are measure-valued and take their values in the LOMS of the associated
system (that is, the system that would describe the fast dynamics if the slow state
variables were “frozen”). The paper continues this line of research by establishing
that the LOMS allows a representation in terms of the vector function defining the
right-hand side of the associated system.

Let us introduce some notation and definitions which are used throughout the
paper. Given a compact metric space W , B(W ) will stand for the σ-algebra of its
Borel subsets and P(W ) will denote the set of probability measures defined on B(W ).
The set P(W ) will be treated as a compact metric space with a metric ρ, which is
consistent with its weak convergence topology (see, e.g., [13]). A sequence γk ∈ P(W )
converges to γ ∈ P(W ) in this metric if and only if

lim
k→∞

∫
W

q(w)γk(dw) =

∫
W

q(w)γ(dw)(1.1)

for any continuous q(w) : W → R
1. There are many ways of defining such a metric

ρ. In this paper, we will use the following definition: ∀γ′, γ′′ ∈ P(W ),

ρ(γ′, γ′′)
def

=

∞∑
l=1

1

2l

∣∣∣∣
∫
W

ql(w)γ′(dw) −
∫
W

ql(w)γ′′(dw)

∣∣∣∣ ,(1.2)

where ql(·), l = 1, 2, . . . , is a sequence of Lipschitz continuous functions which is
dense in the unit ball of C(W ) (the space of continuous functions on W ). Using the
metric ρ, one can define the Hausdorff metric ρH on the set of subsets of P(W ) as
follows: ∀Γi ⊂ P(W ), i = 1, 2,

ρH(Γ1,Γ2)
def

= max

{
sup
γ∈Γ1

ρ(γ,Γ2), sup
γ∈Γ2

ρ(γ,Γ1)

}
,(1.3)

where ρ(γ,Γi)
def

= infγ′∈Γi ρ(γ, γ
′). It can be verified (see, e.g., Lemma Π2.4, p. 205

in [22]) that, with the definition of the metric ρ as in (1.2),

ρH(coΓ1, coΓ2) ≤ ρH(Γ1,Γ2),(1.4)

where co stands for the convex hull of the corresponding set.

In what follows, we will deal with the convergence in the Hausdorff metric of sets
in P(W ) defined as unions of occupational measures. Given a measurable function
w(t) : [0, S] → W , the occupational measure pw(·) ∈ P(W ) generated by this function
is defined by taking

pw(·)(Q)
def

=
1

S
meas

{
t
∣∣ w(t) ∈ Q

}
∀Q ∈ B(W ),

where meas {·} stands for the Lebesgue measure on [0, S].
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2. Main theorem. Consider a control system

ẏ(τ) = f(u(τ), y(τ)), τ ∈ [0, S],(2.1)

where the function f(u, y) : U × R
m → R

m is continuous in (u, y) and satisfies
Lipschitz conditions in y, U is a compact metric space, and the controls are Lebesgue
measurable functions u(τ) : [0, S] → U .

Let Y be a compact subset of R
m and Y δ def

= Y +δB, where δ is a positive number
and B is the closed unit ball in R

m, and let us introduce the following definition and
assumptions.

Definition. A pair (u(τ), y(τ)) is called admissible (δ-admissible) for system
(2.1) on the interval [0, S] if u(τ) is a control, y(τ) is the corresponding solution of
(2.1), and y(τ) ∈ Y (y(τ) ∈ Y δ) ∀τ ∈ [0, S].

Assumption I. For any initial condition y(0) ∈ Y , there exists a control u(τ) such
that the corresponding solution of (2.1) does not leave Y on [0, S] for any S > 0.

Assumption II. For any Lipschitz continuous function g(u, y) : U × R
m → R

1,∣∣∣∣∣ 1S sup
(u(·),y(·))

∫ S

0

g(u(τ), y(τ))dτ − 1

S
sup

(uδ(·),yδ(·))

∫ S

0

g(uδ(τ), yδ(τ))dτ

∣∣∣∣∣ def

= µg(δ, S) → 0

(2.2)
as δ → 0 and S → ∞, where the sups in the above expression are, respectively, over all
admissible pairs and over all δ-admissible pairs which satisfy the condition yδ(0) ∈ Y .

Assumption I is equivalent to the assumption that the viability kernel of Y is
equal to Y . It is satisfied, for example, if, for any y ∈ Y , there exists u ∈ U such that
f(u, y) = 0. More general sufficient (and necessary) conditions for this assumption to
be satisfied can be found in [9], [10].

Note that if Assumption I is replaced by a stronger assumption that Y is a
forward invariant set—that is, all solutions of (2.1) obtained with the measurable
controls u(τ) : [0, S] → U ∀S > 0 do not leave Y —then Assumption II is satisfied
automatically. In this case, all δ-admissible pairs satisfying the condition yδ(0) ∈ Y
are admissible and (2.2) is valid with µg(δ, S) ≡ 0.

Let (u(τ), y(τ)) : [0, S] → U × Y be an admissible pair and let p(u(·),y(·)) ∈
P(U ×Y ) be the occupational measure generated by this pair. Denote by Γ(S, y) and
Γ(S, Y ) the sets of occupational measures defined by the equations

Γ(S, y)
def

=
⋃

(u(τ), y(τ))

{
p(u(·),y(·))

}
, Γ(S, Y )

def

=
⋃
y∈Y

{
Γ(S, y)

}
,(2.3)

where the first union is over all admissible pairs of (2.1) satisfying the initial conditions
y(0) = y and the second is over all initial conditions

y(0) = y ∈ Y.(2.4)

Definition. A convex and compact set Γ ⊂ P(U × Y ) is called the LOMS of
system (2.1) on Y if there exists a function ν(S), limS→∞ ν(S) = 0, such that

ρH(Γ(S, y),Γ) ≤ ν(S) ∀y ∈ Y.(2.5)

In Theorem 2.1 below, we relate the LOMS of system (2.1) on Y to the set
W ⊂ P(U × Y ) defined by the equation

W
def

=

{
γ | γ ∈ P(U × Y );

∫
U×Y

(φ′(y))T f(u, y)γ(du, dy) = 0 ∀φ(·) ∈ C1

}
,(2.6)



328 VLADIMIR GAITSGORY

where C1 is the space of continuously differentiable functions φ(y) : R
m → R

1 and
φ′(y) is the vector column of partial derivatives (the gradient) of φ(y). Note that,
as can be easily verified, the set W is convex and compact in the weak convergence
topology of P(U × Y ).

Theorem 2.1. Let Assumptions I and II be satisfied. Then the following hold:
(i) The estimate

ρH(coΓ(S, Y ),W ) ≤ ν̄(S)(2.7)

is valid for some ν̄(S), limS→∞ ν̄(S) = 0.
(ii) If the LOMS Γ of system (2.1) on Y exists, it is equal to the set W :

Γ = W.(2.8)

(iii) The LOMS Γ of system (2.1) on Y exists if and only if

ρH(Γ(S, y′),Γ(S, y′′)) ≤ ν̂(S) ∀y′, y′′ ∈ Y,(2.9)

for some ν̂(S), limS→∞ ν̂(S) = 0.
Proof. Statements (i) and (ii) of the theorem are proved in sections 5–6. State-

ment (iii) is proved in section 4.

3. On applications in SPCS. Let us consider an SPCS defined on the interval
[0, T ] (T > 0) by the equations

εẏ(t) = f(u(t), y(t), z(t)), y(0) = y0,(3.1)

ż(t) = g(u(t), y(t), z(t)), z(0) = z0,(3.2)

where ε > 0 is a small parameter; f : U × R
m × R

n → R
m, g : U × R

m × R
n →

R
n are continuous vector functions satisfying Lipschitz conditions in z and y; U is

a compact metric space, and the controls are measurable functions satisfying the
inclusion u(t) ∈ U .

Along with (3.1)–(3.2), let us consider the associated system

ẏ(τ) = f(u(τ), y(τ), z), τ ∈ [0, S],(3.3)

in which (in contrast to (3.1)) z is a vector of fixed parameters: z = const. The
controls in (3.3) are measurable functions satisfying the inclusion u(τ) ∈ U .

Assume that, ∀z from a sufficiently large area Z ⊂ R
n, the solutions of the

associated system (3.3) with the initial conditions in a compact set Y ⊂ R
m do not

leave this set ∀τ ≥ 0 (that is, Y is forward invariant with respect to the solutions of
(3.3)). Assume also that the solutions of the SPCS (3.1)–(3.2) do not leave Y × Z ′

for t ∈ [0, T ], where Z ′ is a compact set belonging to the interior of Z.
Let u(τ) ∈ U be a control and y(τ) ∈ Y be the solution of the associated

system (3.3), obtained with this control and the initial condition y(0) = y. De-
note by γ(u(·),y(·)) ∈ P(U × Y ) the occupational measure generated by the pair
(u(·), y(·)) : [0, S] → U × Y and denote by Γ(z, S, y) ⊂ P(U × Y ) the union of
all such occupational measures.

Assume that the LOMS Γ(z) of the associated system exists, that is,

lim
S→∞

ρH(Γ(z, S, y),Γ(z)) = 0,
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with the convergence being uniform with respect to (y, z) ∈ Y × Z. Note that, by
Theorem 2.1(ii), Γ(z) = W (z) (the latter is defined in (2.6), with the dependence on z
being due to the fact that the vector function f(·) includes the dependence on z).

Define g̃(γ, z) : P(U × Y ) → R
n by the equation

g̃(γ, z)
def

=

∫
U×Y

g(u, y, z)γ(du, dy)

and consider the averaged system

ż(t) = g̃(γ(t), z(t)), z(0) = z0,(3.4)

in which the controls are Lebesgue measurable functions γ(·) : [0, T ] → P(U × Y )
satisfying the inclusion

γ(t) ∈ W (z(t)).(3.5)

The following result is a corollary of Theorem 2.1(ii) and Theorem 4.2 in [24].
Corollary 3.1. Let the assumptions made above be satisfied. Also let the

multivalued map Vg(·) : Z → 2R
n

,

Vg(z)
def

=
⋃

γ∈W (z)

{g̃(γ, z)},

be Lipschitz continuous. Then the following hold:
(i) Corresponding to any solution (zsp(t), ysp(t)) of (3.1)–(3.2) there exists a

solution zav(t) of (3.4) such that

max
t∈[0,T ]

||zsp(t) − zav(t)|| ≤ µ(ε), lim
ε→0

µ(ε) = 0.(3.6)

(ii) Corresponding to any solution zav(t) of (3.4) there exists a solution (zsp(t),
ysp(t)) of (3.1)–(3.2) which satisfies (3.6).

Proof. The proof follows from Theorem 4.2 in [24] with the replacement of Γ(z)
by W (z) (see also Theorem 2.6 in [25] and related results in [3]).

Sufficient conditions for the assumptions used in Corollary 3.1 to be valid have
been discussed in [24], [25], where it was noticed, in particular, that these assump-
tions (including the existence of the LOMS and the Lipschitz continuity of Vg(z)) are
satisfied if there exist positive definite matrices C and D such that, for any u ∈ U ,
any y1, y2 ∈ Rm, and any z ∈ Z,

(f(u, y1, z) − f(u, y2, z))TC(y1 − y2) ≤ −(y1 − y2)TD(y1 − y2).

The existence of such C and D can be guaranteed, for example, if f(u, y, z) = A(z)y+
B(z)u, where A(z) and B(z) are matrices functions of the corresponding dimensions
and the eigenvalues of A(z) have negative real parts ∀z ∈ Z.

Let G(·) : R
n → R

1 be a continuous function. From Corollary 3.1 it follows that
the optimal value of the problem

inf
(zsp(·),ysp(·))

G(zsp(T ))
def

= G�
ε ,(3.7)

where inf is over the solutions of (3.1)–(3.2), converges (as ε tends to zero) to the
optimal value of the problem

inf
zav(·)

G(zav(T ))
def

= G�,(3.8)
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where inf is over the solutions of (3.4). That is,

lim
ε→0

G�
ε = G�.(3.9)

Also, it can be shown that a near optimal solution of (3.7) can be constructed on
the basis of the optimal (or near optimal) solution of (3.8) (see details in [23], [24],
[25], [27]).

Note that statement (i) of Corollary 3.1 remains valid even in the event the
assumption about the existence of the LOMS is not satisfied, with (3.9) being replaced
in this case by a weaker statement that

lim inf
ε→0

G�
ε ≥ G�.

The validity of this can be established via a straightforward extension of the averaging
techniques used in [23], [24], [25], [27] in combination with Theorem 2.1(i).

In conclusion, let us observe that a numerical analysis of the solutions of (3.4)
satisfying the inclusion (3.5) can be based on the fact that the set W (z) allows the
representation in the form of a countable system of equations:

W (z) =

{
γ | γ ∈ P(U × Y );

∫
U×Y

(φ′
i(y))

T f(u, y, z)γ(du, dy) = 0 , i = 1, 2, . . .

}
.

(3.10)
Here, {φi(·)} is a sequence of continuously differentiable functions such that any
function φ(·) ∈ C1 and its gradient φ′(·) can be simultaneously approximated on Y
by linear combinations of functions from {φi} and their corresponding gradients. (An
example of such a sequence is the sequence of the monomials yi11 . . . yimm , i1, . . . , im =
0, 1, . . . , where yj (j = 1, . . . ,m) stands for the jth component of y; see, e.g., [33].)
To numerically approximate the solutions of the averaged system (3.4)–(3.5) one may
need to truncate the system of equations in (3.10) and subsequently approximate
the resulting set by the set of measures supported on a grid. The details of such a
procedure will be studied in a different paper.

4. Sets of time averages and proof of Theorem 2.1(iii). Let δ0 > 0 be
fixed and ql(u, y) : U × Y δ0 → R

1, l = 1, 2, . . . , be a sequence of Lipschitz continuous
functions which is dense in the space of continuous functions on U × Y δ0 . Let

h(u, y) = (q1(u, y), . . . , qj(u, y)), j = 1, 2, . . . ,(4.1)

and let Vh(S, y) be the set of time averages defined by the equation

Vh(S, y)
def

=
⋃

(u(·), y(·))

{
1

S

∫ S

0

h
(
u(τ), y(τ)

)
dτ

}
,(4.2)

where the union is over all admissible pairs of (2.1) satisfying the initial conditions
(2.4).

The proof of Theorem 2.1(iii) is based on the following proposition.
Proposition 4.1. Let Assumption I be satisfied. Then the following hold:
(i) The LOMS Γ of system (2.1) on Y exists if and only if, for every vector

function h(u, y) defined in (4.1), there exist a convex and compact set Vh and
a function νh(S), limS→∞ νh(S) = 0, such that

dH(Vh(S, y), Vh) ≤ νh(S) ∀y ∈ Y,(4.3)
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where dH(·, ·) is the Hausdorff metric defined on the bounded subsets of the
corresponding finite dimensional space by the Euclidean norm.

(ii) For a given h(u, y) as in (4.1), a convex and compact set Vh satisfying (4.3)
exists if and only if

dH(Vh(S, y′), Vh(S, y′′)) ≤ ν̂h(S) ∀y′, y′′ ∈ Y(4.4)

for some ν̂h(S) tending to zero as S tends to infinity.
Proof. The proof of Proposition 4.1(i) is similar to that of Theorem 3.1 in [24]

(see also Corollary 3.7 in [25] and the more general result in [7]). The proof of
the “if” statement in Proposition 4.1(ii) follows exactly the same steps as that of
Proposition 3.2 in [26] (see also [21], [22], and [7]), where this statement was proved
for the case when Y is forward invariant with respect to the system (2.1). The proof
of the “only if” statement is obvious.

Proof of Theorem 2.1(iii). If (2.9) is valid, then the estimate (4.4) is true for
every h(u, y) defined in (4.1). Hence, by Proposition 4.1(ii), for every such h(u, y),
there exists a convex and compact set Vh satisfying (4.3). This, by Proposition 4.1(i),
implies the existence of the LOMS. Thus, the “if” statement in Theorem 2.1(iii) is
proved. The proof of the “only if” statement is obvious.

To conclude this section, let us show that Assumption II can be equivalently
reformulated in terms of convergence to zero of the Hausdorff metric between the sets
of time averages defined below. For 0 < δ ≤ δ0, let

V δ
h (S, y)

def

=
⋃

(uδ(·), yδ(·))

{
1

S

∫ S

0

h
(
uδ(τ), yδ(τ)

)
dτ

}
,(4.5)

where, in contrast to (4.2), the union is over all δ-admissible pairs of (2.1) satisfying
the initial conditions (2.4). Denote

Vh(S, Y )
def

=
⋃
y∈Y

{Vh(S, y)} , V δ
h (S, Y )

def

=
⋃
y∈Y

{
V δ
h (S, y)

}
.

The following lemma is used in the proof of Theorem 2.1(i) (see section 5 below).
Lemma 4.2. Assumption II is equivalent to that, for any h(·) as in (4.1),

dH(coVh(S, Y ), coV δ
h (S, Y ))

def

= ν̄h(δ, S) → 0(4.6)

as δ → 0 and S → ∞.
Proof. Let ΨV (·) stand for the support function of a set V ⊂ Rj . That is,

for any η ∈ Rj , ΨV (η)
def

= supv∈V ηT v. If Assumption II is satisfied, then, taking
g(u, y) = ηTh(u, y) in (2.2), one can obtain that the function µg(δ, S) defined by the
equation

|ΨcoVh(S,Y )(η) − ΨcoV δ
h (S,Y )(η)| = |ΨVh(S,Y )(η) − ΨV δ

h (S,Y )(η)|
def

= µg(δ, S)(4.7)

tends to zero as δ → 0 and S → ∞. Using a standard argument based on the
separability of convex sets, one can verify that (4.7) implies (4.6). Thus, the validity
of (4.6) is implied by the validity of Assumption II.

Now let (4.6) be satisfied for any h(·) constructed as in (4.1). Then µg(δ, S) in
(4.7) tends to zero as δ tends to zero and S tends to infinity. By taking all but one
component of η to be equal to zero in (4.7), one can verify that (2.2) is valid for
any g(u, y) = ql(u, y), l = 1, 2, . . . . Since the sequence ql(u, y), l = 1, 2, . . . , is dense
in C(U × Y δ), it implies that (2.2) is valid for any continuous (and, in particular,
Lipschitz continuous) g(·). This completes the proof of the lemma.
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5. Proofs of Theorem 2.1(i) and Theorem 2.1(ii).
Proof of Theorem 2.1(i). To prove the required statement, one needs to establish

the validity of the following two inequalities:

sup
γ∈W

ρ(γ, coΓ(S, Y )) ≤ ν̄(S),(5.1)

sup
γ∈coΓ(S,Y )

ρ(γ,W ) ≤ ν̄(S).(5.2)

Let us first prove the validity of (5.2). It is straightforward to verify that from
the convexity of W it follows that

sup
γ∈coΓ(S,Y )

ρ(γ,W ) = sup
γ∈Γ(S,Y )

ρ(γ,W ).

Hence, to prove (5.2) it is enough to show that the function ν̄(S) defined by the
equation

ν̄(S)
def

= sup
γ∈Γ(S,Y )

ρ(γ,W )(5.3)

tends to zero as S tends to infinity. Assume this is not the case. Then there exist a
positive number δ, a sequence Sk → ∞, and sequences yk ∈ Y and γk ∈ Γ(Sk, yk)
such that ρ(γk,W ) ≥ δ, k = 1, 2, . . . . Without loss of generality one may assume

that there exists limk→∞ γk def

= γ ∈ P(U ×Y ) (since P(U ×Y ) is compact). From the
continuity of the metric it follows that

ρ(γ,W ) ≥ δ.(5.4)

By the definition of the convergence in P(U × Y ) (see (1.1)),

lim
k→∞

∫
U×Y

(φ′(y))T f(u, y)γk(du, dy) =

∫
U×Y

(φ′(y))T f(u, y)γ(du, dy)(5.5)

for any φ ∈ C1. Also, from the fact that γk ∈ Γ(Sk, yk), it follows that there exists
an admissible pair (uk(τ), yk(τ)) (for system (2.1) on the interval [0, Sk]) such that

∫
U×Y

(φ′(y))T f(u, y)γk(du, dy) =
1

Sk

∫ Sk

0

(φ′(yk(τ)))T f(uk(τ), yk(τ))dτ.

The second integral is apparently equal to

φ(yk(Sk)) − φ(yk(0))

Sk

and tends to zero as Sk tends to infinity (since yk(τ) ∈ Y ∀ τ ∈ [0, Sk] and Y is a
compact set). This and (5.5) imply that∫

U×Y

(φ′(y))T f(u, y)γ(du, dy) = 0 ∀φ ∈ C1 ⇒ γ ∈ W.

The latter contradicts (5.4) and, hence, ν̄(s) defined in (5.3) tends to zero as S tends
to infinity. This proves (5.2).
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Let us now prove the validity of inequality (5.1). Let r̂ be a positive number such

that Y is contained in the interior of r̂B
def

= B̂ (as above, B is the closed unit ball
in R

m) and let ψ(y) : R
m → [0, 1] be a continuously differentiable function such that

ψ(y) = 1 ∀y ∈ Y, ψ(y) = 0 ∀y ∈ R
m/B̂.(5.6)

Define the function F (u, y) : U × R
m → R

m by the equation

F (u, y)
def

= ψ(y)f(u, y).(5.7)

Note that, by (5.6),

F (u, y) = f(u, y) ∀(u, y) ∈ U × Y, F (u, y) = 0 ∀(u, y) ∈ U × R
m/B̂.(5.8)

Let C̄(U×R
m) be the space of bounded continuous functions on U×R

m taking values
in R

1, and let Ĉ1 be the space of continuously differentiable functions on R
m taking

values in R
1 and vanishing at infinity. Note that, since Y is a compact set, one can

replace C1 by Ĉ1 ⊂ C1 in (2.6) without adding new elements to the set W . Define a
linear operator A : Ĉ1 → C̄(U × R

m) by the equation

(Aφ)(u, y)
def

= (φ′(y))TF (u, y) ∀φ ∈ Ĉ1.

This operator satisfies the conditions of Theorem 4.1 in [43], namely, the following:
(i) Ĉ1, the domain of A, is an algebra and is dense in the space Ĉ of continuous

functions on R
m which vanish at infinity (this is an immediate consequence

of the Stone–Weierstrass theorem; see, e.g., Theorem IV.6.16 in [15]).

(ii) For each φ ∈ Ĉ1 and u ∈ U , (Aφ)(u, ·) def

= (φ′(·))TF (u, ·) ∈ Ĉ.
(iii) For each φ ∈ Ĉ1,

lim
||y||→∞

max
u∈U

(Aφ)(u, y) = lim
||y||→∞

max
u∈U

(φ′(y))TF (u, y) = 0.

(iv) For each u ∈ U , the operator Auφ
def

= (Aφ)(u, ·) satisfies the positive maximum
principle, i.e., if φ(y∗) = supy φ(y) > 0, then

(Auφ)(y∗) = (φ′(y∗))TF (u, y∗) ≤ 0.

Note that (ii) and (iii) are satisfied because of (5.8) and that (iv) follows from the
fact that φ′(y∗) = 0.

Let us consider now an arbitrary γ ∈ W and extend its definition to the Borel

subsets of U ×R
m by taking γ(Q)

def

= γ(Q∩ (U × Y )) ∀Q ∈ B(U ×R
m). By (5.8) and

(2.6), ∫
U×Rm

(Aφ)(u, y)γ(du, dy) =

∫
U×Rm

(φ′(y))TF (u, y)γ(du, dy)

=

∫
U×Y

(φ′(y))TF (u, y)γ(du, dy) =

∫
U×Y

(φ′(y))T f(u, y)γ(du, dy) = 0

∀φ ∈ Ĉ1. From Theorem 4.1 in [43] it follows that there exist a probability space
(Ω,F , P ), a filtration {Fτ} of σ-subalgebras of F , and a P(U) × R

m-valued random
process (λ(τ), y(τ)) = (λ(τ, ω), y(τ, ω)) which satisfies the following conditions:
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(a) (λ(·), y(·)) is {Fτ}-progressive and stationary with

E[λ(τ)(D1)χD2
(y(τ))] = γ(D1 ×D2) ∀τ ≥ 0,(5.9)

where D1 and D2 are arbitrary Borel subsets of U and R
m, respectively, and χD2(·)

is the indicator function of D2.
(b) For every φ ∈ Ĉ1, φ(y(τ))−

∫ τ

0

∫
U

(φ′(y(s)))TF (u, y(s))λ(s)(du)ds is an {Fτ}-
martingale.

A further characterization of the pair (λ(τ, ω), y(τ, ω)) is given by the following
lemma.

Lemma 5.1. There exists a subset ∆ of Ω such that P (∆) = 0 and such that,
∀ω ∈ Ω/∆, the pair (λ(τ, ω), y(τ, ω)) satisfies the equation

ẏ(τ, ω) = F̄ (λ(τ, ω), y(τ, ω))(5.10)

for almost all τ ∈ [0, S] (∀S > 0), where

F̄ (λ, y)
def

=

∫
U

F (u, y)λ(du).(5.11)

Proof. Proof of the lemma is given in section 6 below.
Let τi, i = 1, 2, . . . , stand for a sequence of all rational numbers belonging to the

interval [0, S]. By (5.9),

P{ω | y(τi, ω) ∈ Y } = E[χY (y(τi))] = E[λ(τi)(U)χY (y(τi))] = γ(U × Y ) = 1.

That is, for every i there exists a subset ∆i of Ω such that P (∆i) = 0 and such that

y(τi, ω) ∈ Y ∀ω ∈ Ω/∆i ⇒ y(τi, ω) ∈ Y, i = 1, 2, . . . , ∀ω ∈ Ω/(∪i∆i).(5.12)

From the fact that y(τ, ω) satisfies (5.10) it follows that y(·, ω) is continuous (in fact,
absolutely continuous) for ω ∈ Ω/∆. Thus, the inclusions (5.12) and the fact that Y
is compact imply that

y(τ, ω) ∈ Y ∀τ ∈ [0, S], ∀ω ∈ Ω/∆̄,(5.13)

where ∆̄
def

= ∆ ∪ (∪i∆i), with

P (∆̄) = 0.(5.14)

Note that, by (5.8) and (5.11), equation (5.10) is equivalent to

ẏ(τ, ω) = f̄(λ(τ, ω), y(τ, ω))(5.15)

for ω ∈ Ω/∆̄, where

f̄(λ, y)
def

=

∫
U

f(u, y)λ(du).(5.16)

Consider the control system

ẏ(τ) = f̄(λ(τ), y(τ)),(5.17)

where λ(τ) is a relaxed control, that is, a Lebesgue measurable function λ(τ) : [0, S] →
P(U) (see [47]). A pair (λ(τ), y(τ)) will be called admissible (for system (5.17) on
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the interval [0, S]) if λ(τ) is a relaxed control, y(τ) is the corresponding solution of
(5.17), and y(τ) ∈ Y ∀τ ∈ [0, S]. Let h(u, y) be as in (4.1) and

h̄(λ, y)
def

=

∫
U

h(u, y)λ(du).(5.18)

Consider the set of the time averages

V̄h(S, y)
def

=
⋃

(λ(·), y(·))

{
1

S

∫ S

0

h̄
(
λ(τ), y(τ)

)
dτ

}
,(5.19)

where the union is over all admissible pairs of (5.17) satisfying the initial conditions
(2.4).

By the relaxation theorem (see, e.g., Theorem 10.4.4, p. 402 in [10]),

V̄h(S, y) ⊂ clV δ
h (S, y) ∀δ > 0,(5.20)

where cl stands for the closure of the set and V δ
h (S, y) is defined in (4.5). Since y(τ, ω)

satisfies (5.13) and (5.15), from (5.20) and (4.6) it follows that, ∀ω ∈ Ω/∆̄,

1

S

∫ S

0

h̄
(
λ(τ, ω), y(τ, ω)

)
dτ ∈ V̄h(S, y(0, ω))

⊂ clV δ
h (S, Y ) ⊂ c̄oVh(S, Y ) + ν̄h(δ, S)Bj ,

where c̄o is the closed convex hull of the corresponding set and Bj is the closed unit
ball in R

j (j is the dimension of the vector function h(·)). Using now (5.14), one
obtains from here that

1

S

∫ S

0

E[h̄
(
λ(τ, ω), y(τ, ω)

)
]dτ ∈ c̄oVh(S, Y ) + ν̄h(δ, S)Bj .(5.21)

From (5.9), however, it follows that

E[h̄
(
λ(τ, ω), y(τ, ω)

)
] =

∫
U×Y

h(u, y)γ(du, dy).(5.22)

Consequently, by (5.21),∫
U×Y

h(u, y)γ(du, dy) ∈ c̄oVh(S, Y ) + ν̄h(δ, S)Bj

⇒
∫
U×Y

h(u, y)γ(du, dy) ∈ c̄oVh(S, Y ) + ν̄h(S)Bj ,

where

ν̄h(S)
def

= lim sup
δ→0

ν̄h(δ, S).

Note that from the fact that ν̄h(δ, S) → 0 as δ → 0 and S → ∞ it follows that
ν̄h(S) → 0 as S → ∞. Since γ is an arbitrary element of W , one can conclude that

⋃
γ∈W

{∫
U×Y

h(u, y)γ(du, dy)

}
⊂ c̄oVh(S, Y ) + ν̄h(S)Bj .(5.23)
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The set Vh(S, Y ) allows the representation

Vh(S, Y ) =
⋃

γ∈Γ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}
.

Hence,

c̄oVh(S, Y ) = c̄o
⋃

γ∈Γ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}

=
⋃

γ∈c̄oΓ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}
.

That is, (5.23) can be rewritten in the form

⋃
γ∈W

{∫
U×Y

h(u, y)γ(du, dy)

}
⊂

⋃
γ∈c̄oΓ(S,Y )

{∫
U×Y

h(u, y)γ(du, dy)

}
+ ν̄h(S)Bj .

Since it is true for any h(u, y) as in (4.1), the validity of (5.1), with some ν̄(S) tending
to zero as S tends to infinity, follows from Lemma 3.5 in [25]. This completes the
proof of Theorem 2.1(i).

Proof of Theorem 2.1(ii). If the LOMS Γ exists, then, by (1.4),

ρH(coΓ(S, Y ),Γ) = ρH(coΓ(S, Y ), coΓ) ≤ ρH(Γ(S, Y ),Γ) ≤ ν(S),

where ν(S) is from (2.5). This and (2.7) imply equation (2.8) (because both Γ and W
are compact).

6. Proof of Lemma 5.1. The proof is divided into three steps. First, it is
established that the random processes

Ji(τ)
def

= yi(τ)−
∫ τ

0

F̄i(λ(s), y(s))ds , Ki(τ)
def

= y2
i (τ)−2

∫ τ

0

yi(s)F̄i(λ(s), y(s))ds,

(6.1)
i = 1, . . . ,m, are {Fτ}-martingales, where yi(·), F̄i(·), are the ith components of y(·)
and F̄ (·), respectively. That is, for τ > σ ≥ 0,

E[ Ji(τ) | Fσ ] = Ji(σ), E[ Ki(τ)|Fσ ] = Ki(σ).(6.2)

Second, it is shown that the processes J2
i (τ), i = 1, . . . ,m, are {Fτ}-martingales.

That is, for τ > σ ≥ 0,

E[ J2
i (τ) | Fσ ] = J2

i (σ), i = 1, . . . ,m.(6.3)

Finally, the statement of the lemma is proved on the basis of (6.3).
Let us verify the validity of (6.2). Let N > 0 and ψN (θ) : [0,∞) → [0,∞) be a

continuously differentiable function such that

ψN (θ) = 1 ∀θ ∈ [0, N2] , ψN (θ) = 0 ∀θ ∈ [N2 + 1 ,∞),

and ψN (θ) ∈ [0, 1] ∀θ ∈ (N2, N2 + 1). Define φi,N (·) ∈ Ĉ1 by the equation φi,N (y)
def

=
yiψN (||y||2), where ||y|| is the Euclidean norm of y. Note that |φi,N (y)| ≤ |yi| and
that φi,N (y) = yi for ||y|| ≤ N .
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By condition (b), the process

Ji,N (τ)
def

= φi,N (y(τ)) −
∫ τ

0

φ′
i,N (y(s))T F̄i(λ(s), y(s))ds

is an {Fτ}-martingale. Hence,

E[ Ji,N (τ) | Fσ ] = Ji,N (σ), τ > σ.(6.4)

It can be seen, however, that for N large enough,

E[ |Ji,N (τ) − Ji(τ)| ] = E[ |φi,N (y(τ)) − yi(τ)| ] ≤ 2E[ |yi(τ)|χQN
(y(τ)) ]

≤ 2
√
E[ |yi(τ)|2]

√
E[ χQN

(y(τ)) ] ≤ 2
√
E[ |yi(τ)|2]

√
γ(U ×QN ) = 0,

where χQN
(·) is the indicator function of the set QN

def

= {y | ||y|| > N} and (5.8),
(5.11) as well as (5.9) and the fact that γ(U × Y ) = 1 have been used. Thus, for
sufficiently large N , Ji,N (τ) = Ji(τ) a.s. and, hence, (6.4) implies the validity of the
first equation in (6.2). The validity of the second equation in (6.2) is verified in a

similar way (by using the test functions φi,N (y)
def

= y2
i ψN (||y||2)).

Let us now prove (6.3). Using the second equation in (6.2), one can write

E[J2
i (τ) | Fσ] − J2

i (σ) = E[J2
i (τ) −Ki(τ) | Fσ] − (J2

i (σ) −Ki(σ))

= E

[
−2

∫ τ

0

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds +

(∫ τ

0

F̄i(λ(s), y(s))ds

)2

| Fσ

]

−
(
−2

∫ σ

0

(yi(σ) − yi(s))F̄i(λ(s), y(s))ds +

(∫ σ

0

F̄i(λ(s), y(s))ds

)2
)

= E

[
−2(yi(τ) − yi(σ))

∫ σ

0

F̄i(λ(s), y(s))ds− 2

∫ τ

σ

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds | Fσ

]

+ E

[
2

∫ τ

σ

F̄i(λ(s), y(s))ds

∫ σ

0

F̄i(λ(s), y(s))ds +

(∫ τ

σ

F̄i(λ(s), y(s))ds

)2

| Fσ

]
.

Note that, by the first equation in (6.2),

E

[
(yi(τ) − yi(σ))

∫ σ

0

F̄i(λ(s), y(s))ds | Fσ

]

− E

[∫ τ

σ

F̄i(λ(s), y(s))ds

∫ σ

0

F̄i(λ(s), y(s))ds | Fσ

]
= 0.

Hence, to complete the proof of (6.3), it is now sufficient to show that

E

[∫ τ

σ

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds|Fσ

]
=

1

2
E

[(∫ τ

σ

F̄i(λ(s), y(s))ds

)2

|Fσ

]
.

(6.5)
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Using again the fact that Ji(·) is a martingale, one can obtain that

E

[∫ τ

σ

(yi(τ) − yi(s))F̄i(λ(s), y(s))ds | Fσ

]

=

∫ τ

σ

E[ (yi(τ) − yi(s))F̄i(λ(s), y(s)) | Fσ]ds

=

∫ τ

σ

E[E[ (yi(τ) − yi(s)) | Fs]F̄i(λ(s), y(s)) | Fσ]ds

=

∫ τ

σ

E

[(∫ τ

s

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s)) | Fσ

]
ds

= E

[∫ τ

σ

(∫ τ

s

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s))ds | Fσ

]
.

Since

E

[∫ τ

σ

(∫ τ

s

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s))ds | Fσ

]

= E

[∫ τ

σ

(∫ s

σ

F̄i(λ(s′), y(s′))ds′
)
F̄i(λ(s), y(s))ds | Fσ

]

and the sum of the left- and the right-hand sides in the above equation is equal
to E[ (

∫ τ

σ
F̄i(λ(s), y(s))ds)2 | Fσ], it follows that (6.5) is valid and, thus, (6.3) is

established.
From (6.3) and the first equation in (6.2), it follows that, for τ > σ ≥ 0,

E[ (Ji(τ) − Ji(σ))2 | Fσ] = 0 ⇒ E[ (Ji(τ) − Ji(σ))2] = 0,(6.6)

i = 1, . . . ,m. By Kolmogorov’s continuity theorem (see, e.g., Theorem 1.10, p. 23

in [35]), there exists a continuous version of the R
m-valued process J(·) def

= {Ji(·)},
i = 1, . . . ,m. For this version, (6.6) implies that

J(τ) = J(0) ∀τ ∈ [0, S], ∀S > 0.

In accordance with our notation (see (6.1)), the latter is equivalent to

y(τ) = y(0) +

∫ τ

0

F̄ (λ(s), y(s))ds,

which, in turn, is equivalent to (5.10). This completes the proof of the lemma.
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