
SIAM J. CONTROL OPTIM. c© 2005 Society for Industrial and Applied Mathematics
Vol. 44, No. 4, pp. 1436–1473
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Abstract. We establish that, under certain conditions, the set of occupational measures as
well as the set of mathematical expectations of occupational measures generated by the admissible
controls and the corresponding solutions of a controlled stochastic differential equation (CSDE)
converge (with the time horizon tending to infinity) to a set called limit occupational measures set
(LOMS) and we show that this limit set coincides with the set of stationary marginal distributions of
the CSDE. We also demonstrate the applicability of our results for averaging of singularly perturbed
CSDE.
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1. Introduction. In this paper we establish that, under certain conditions, the
set of occupational measures as well as the set of mathematical expectations of occupa-
tional measures generated by the admissible controls and the corresponding solutions
of a controlled stochastic differential equation (CSDE) converge (with the time hori-
zon tending to infinity) to a set called limit occupational measures set (LOMS) and
we show that this limit set coincides with the set of stationary marginal distributions
of the CSDE.

The motivation for our study is the applicability of results to averaging of singu-
larly perturbed CSDE. We show that, given a singularly perturbed CSDE, the slow
components of its state variables are approximated by the solutions of the averaged
system in which the controls take values in the LOMS of the system describing the
fast dynamics. In the deterministic control setting, a similar approach was used in
[4], [5], [6], [7], [8], [26], [27], [28] (see also [18], [19], [24], [25], [30], [46], [51] for
related results). The current paper is based on a combination of ideas developed in
the deterministic setting and also on results of [11], [13], and [49] which describe the
set of stationary marginal distributions of the CSDE.

Note that singularly perturbed problems of control and optimization have been
considered in both deterministic and stochastic literature (see [1], [2], [3], [4], [5], [6],
[7], [8], [9], [10], [12], [17], [18], [19], [20], [21], [22], [24], [25], [26], [27], [28], [29], [30],
[31], [32], [33], [35], [36], [37], [38], [39], [41], [42], [43], [44], [45], [46], [48], [50], [51],
[53] and references therein). Singularly perturbed CSDE, in particular, have been
studied in [2], [3], [12], [32], [33], and [38], where earlier references can also be found.
In [2], [3], and [12] the Hamilton–Jacobi–Bellman (HJB) equations corresponding to
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singularly perturbed CSDE were analyzed. In [2], in particular, it was shown that the
optimal value function of the problem of optimal control of singularly perturbed CSDE
with a fairly general structure (the only structural constraint was the periodicity in
fast variables) converges to a viscosity solution of the HJB equation in which the
fast variables are averaged out. In [12], results concerning asymptotic behavior of
singularly perturbed CSDE with nongenerate diffusion were obtained. In [32] and
[33], singularly perturbed CSDE linear in fast variables were studied and the limit
behavior of the attainability sets was described. In [38], weak convergence methods
were used to establish a number of important results concerning mainly the case when
the fast dynamics are not controlled.

The results obtained in this paper can be used for an approximation of the slow
dynamics of singularly perturbed CSDE having a general structure (that is, in partic-
ular, nonlinear and nonperiodic in fast variables, and having a controlled fast dynam-
ics). It allows one to treat stochastic nondegenerate and degenerate diffusion cases
(as well as a purely deterministic case) in a similar manner and also to deal with the
situation when the classical approach, based on equating the singular perturbation
parameter to zero, may not lead to a correct approximation of the slow dynamics.

The paper is organized as follows: In section 2 we introduce some notations and
define the LOMS of the CSDE as the limit towards which converges the set of mathe-
matical expectations of occupational measures generated by the controls and solutions
of the CSDE. In section 3 we identify necessary and sufficient conditions for the LOMS
to exist (Theorems 3.2 and 3.3) and also sufficient conditions for every element of the
LOMS to be asymptotically approximated (in mean) by an occupational measure ob-
tained with some admissible control (Theorem 3.4). In section 4 we establish that if
the LOMS exists, it coincides with the set of marginal stationary distributions of the
CSDE (Theorem 4.1) and show that every occupational measure converges to this set
in mean (Theorem 4.2). The proofs for sections 3 and 4 are contained in sections 6
and 7.

In section 5 we demonstrate the applicability of above mentioned results to av-
eraging of singularly perturbed CSDE (Theorem 5.1). The proofs for section 5 are
contained in section 8.

2. Preliminaries. For a compact set U and m dimensional Euclidean space Rm,
P(U×Rm) and P(U×R̄m) will stand for the spaces of probability measures defined on
the σ- algebras of Borel subsets of U×Rm and U×R̄m, respectively, with R̄m being the
one point compactification of Rm (see, e.g., [23, p. 126]). Note that any probability
measure μ on U × Rm may be identified with the unique probability measure on
U × R̄m that restricts to μ on U × Rm and perforce assigns zero probability to its
complement. Conversely, any probability measure μ on U× R̄m, assigning probability
one to U ×Rm, defines a unique probability measure on U ×Rm. Thus, P(U ×Rm)
can be considered as a subset of P(U × R̄m) consisting of the probability measures μ
on U × R̄m with μ(U ×Rm) = 1.

The set P(U× R̄m) will be treated as a compact metric space with a metric ρ(·, ·)
consistent with its weak convergence topology which is metrizable and compact. There
are many ways of how ρ(·, ·) can be introduced. In this paper the following definition
will be used (in most of the cases): for any μ′, μ′′ ∈ P(U × R̄m),

ρ(μ′, μ′′)
def
=

∞∑
i=1

2−i

∣∣∣∣
∫

fi(u, y)μ
′(du, dy) −

∫
fi(u, y)μ

′′(du, dy)

∣∣∣∣ ,(2.1)

where fi(u, y), i = 1, 2, . . . , is the sequence of Lipschitz continuous functions which is
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dense in the unit ball of C(U × R̄m) (the space of continuous functions defined on
U × R̄m). Using the metric ρ, one can define the Hausdorff metric ρH on the set of
subsets of P(R̄m × U) as follows: ∀Mi ⊂ P(U × R̄m), i = 1, 2,

ρH(M1,M2)
def
= max

{
sup

μ∈M1

ρ(μ,M2), sup
μ∈M2

ρ(μ,M1)

}
,(2.2)

where (here and in what follows)

ρ(μ,Mi)
def

= inf
μ′∈Mi

ρ(μ, μ′).(2.3)

Remark 1. Note that, if M1 and/or M2 are not closed, then from the fact that
ρH(M1,M2) = 0 it does not follow that M1 = M2. That is, ρH(·, ·) is, in fact,
a semimetric. By some abuse of terminology we still will refer to it as to a metric
keeping in mind that its equality to zero is equivalent to the equality of the closures
of the corresponding sets.

We will be dealing with a CSDE

dy(τ) = a(u(τ), y(τ))dτ + b(y(τ))dW (τ)(2.4)

with the initial conditions

y(0) = y0,(2.5)

where:
• the functions a(u, y) : U ×Rm → Rm and b(y) : Rm → Rm×m are continuous

and satisfy Lipschitz conditions in y, with a(u, y) satisfying it uniformly with
respect to u ∈ U ;

• U is a compact metric space;
• W (·) is an Rm-valued standard Brownian motion;
• y0 is an Rm-valued random variable independent of W (·);
• admissible controls u(·) are U−valued random processes progressively mea-

surable with respect to a right continuous and complete filtration {Fτ} ⊂ F
of σ-fields (with (Ω,F ,P) being a given probability space) such that:

• {y0 and W (θ); θ ≤ τ} is measurable with respect to Fτ for τ ≥ 0,
• For τ ′ ≥ τ ≥ 0, W (τ ′) −W (τ) is independent of Fτ .

Let S > 0, u(·) be an admissible control and y(·) be the corresponding solution

of the CSDE (2.4) on the interval [0, S]. Define the occupational measure μ
u(·),y(·)
S

generated by the pair (u(·), y(·)) on this interval by taking

μ
u(·),y(·)
S (Q)

def
=

1

S
meas{τ : (u(τ), y(τ)) ∈ Q}(2.6)

for any Borel subset Q of U × R̄m, with meas standing for the Lebesgue measure on

[0, S]. Note that μ
u(·),y(·)
S is uniquely defined by

∫
fi(u, y)μ

u(·),y(·)
S (du, dy) =

1

S

∫ S

0

fi(u(τ), y(τ))dτ, i = 1, 2, . . . ,(2.7)

where fi(·) are as in (2.1). From (2.7) it follows that, for any fixed μ ∈ P(U×R̄m), the

value of the metric ρ(μ, μ
u(·),y(·)
S ) is a random variable, which allows one to easily verify
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that μ
u(·),y(·)
S is a P(U × R̄m)- valued random variable. Define also the mathematical

expectation E[μ
u(·),y(·)
S ] of μ

u(·),y(·)
S as the probability measure on R̄m × U such that

E[μ
u(·),y(·)
S ](Q)

def
=

1

S
E[meas{τ : (y(τ), u(τ)) ∈ Q}](2.8)

for any Borel subset Q of U × R̄m. By (2.7) and (2.8),∫
fi(u, y)E[μ

u(·),y(·)
S ](du, dy) = E

[∫ S

0

fi(u, y)μ
u(·),y(·)
S (du, dy)

]

= E

[
1

S

∫ S

0

fi(u(τ), y(τ))dτ

]
, i = 1, 2, . . . ,(2.9)

with E[μ
u(·),y(·)
S ] being uniquely defined by these equations.

Denote by M(S, y0) and E[M(S, y0)] the collections of the occupational measures
and their mathematical expectations:

M(S, y0)
def

=
⋃

(u(·), y(·))
{μu(·),y(·)

S }, E[M(S, y0)]
def

=
⋃

(u(·), y(·))
{E[μ

u(·),y(·)
S ]},(2.10)

where the unions are over all admissible controls and corresponding solutions of (2.4)
with the initial condition (2.5).

By analogy with the deterministic setting (see [26], [27], and [28]), we introduce
the following definition.

Definition. A convex and compact set M ⊂ P(U ×Rm) will be called LOMS of
the CSDE (2.4) with respect to the initial conditions having probability distributions
from a given class C if, for any initial conditions with the distribution from this class,

ρH(E[M(S, y0)],M) ≤ νC(S), lim
S→∞

νC(S) = 0.(2.11)

The following assumption about the solutions of (2.4) will be used throughout
the paper.

Assumption 1. There exists α > 0 such that any solution of (2.4) obtained with
an admissible control satisfies the inequality

sup
τ,u(·)

E[||y(τ)||α] ≤ c1(E[||y0||α] + 1), c1 = const.(2.12)

As an example let us consider the case when the CSDE (2.4) is linear. That is,

a(u, y)
def

= A1y + A2u, b(y)
def

= A3,(2.13)

where U is a compact subset of Rs (for some natural s) and Ai, i = 1, 2, 3, are matrices
of the corresponding dimensions. In this case the solution of (2.4) can be presented
in the form

y(τ) = eA1τy(0) +

∫ τ

0

eA1(τ−τ ′)A2u(τ ′)dτ ′ +

∫ τ

0

eA1(τ−τ ′)A3dW (τ ′)(2.14)

and it is easy to verify that Assumption 1 will be valid with α = 2 if the eigenvalues
of A1 have negative real parts. Note that, for general nonlinear systems, sufficient
conditions for Assumption 1 to be valid can be derived from the existence of the
corresponding Liapunov functions (see, e.g., [11], [16], and [34] for classical results on
the uncontrolled case).
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3. Strong and weak h-approximation conditions. Let h(u, y) : U × R̄m →
Rj be defined by

h(u, y)
def

= (f1(u, y), f2(u, y), . . . , fj(u, y)),(3.1)

where, as above, fi(·) are as in the definition of the metric ρ(·, ·) (see (2.1)). In some
instances (e.g., in the definitions below or in Lemma 3.1 and Theorems 3.2, 3.4(i)) we
will consider j, and hence h(·), as being fixed. In other cases (e.g., in Theorems 3.3
and 3.4(ii)), the reference “for every h(u, y) as in (3.1)” will be used in order to
indicate that j can be any positive integer: j = 1, 2, . . . .

Definition. We shall say that the CSDE (2.4) satisfies strong h-approximation
condition (S-h-AC) if, for any initial condition y′0 and admissible control u′(·), cor-
responding to any other initial condition y′′0 there exists an admissible control u′′(·)
such that the solutions y′(·) and y′′(·) of the CSDE (2.4) (obtained with y′0, u

′(·) and
y′′0 , u′′(·), respectively) satisfy the inequality

E

[∥∥∥∥∥ 1

S

∫ S

0

h(u′(τ), y′(τ))dτ − 1

S

∫ S

0

h(u′′(τ), y′′(τ))dτ

∥∥∥∥∥
]

≤ νh(S)(1 + E[||y′0||α] + E[||y′′0 ||α])(3.2)

for some monotone decreasing νh(·) : [0,∞) → [0,∞) such that limS→∞ νh(S) = 0 (α
is the same as in Assumption 1).

Definition. We shall say that the CSDE (2.4) satisfies weak h-approximation
condition (W-h-AC) if∥∥∥∥∥E

[
1

S

∫ S

0

h(u′(τ), y′(τ))dτ

]
− E

[
1

S

∫ S

0

h(u′′(τ), y′′(τ))dτ

]∥∥∥∥∥
≤ νh(S)(1 + E[||y′0||α] + E[||y′′0 ||α]),(3.3)

where y′0, y
′′
0 , u′(·), u′′(·), y′(·), y′′(·), νh(·) and α are as above.

Note that, in the linear case (2.13), one can take u′′(·) = u′(·) and obtain (see
(2.14)) that

E[||y′(τ) − y′′(τ)||] = E[||eA1τ (y′0 − y′′0 )||] ≤ ||eA1τ ||(E[||y′0||] + E[||y′′0 ||]).(3.4)

Since h(·) satisfies Lipschitz conditions, the validity of S-h-AC will follow from (3.4)
(with νh(S) = O( 1

S ) and α ≥ 1) if the eigenvalues of A1 have negative real parts,

in which case ||eA1τ || ≤ β1e
−β2τ , with β1, β2 being positive constants. Note that

A3 in (2.13) can be degenerate or, in fact, it can be zero (the deterministic case).
Note also that a Liapunov-type stability condition which leads to the validity of a
similar estimate (and, thus, leads to the fulfillment of S-h-AC with u′′(·) = u′(·)) for
a nonlinear CSDE can be found in [11].

Remark 2. Note that W-h-AC is an auxiliary condition which is introduced
in order to simplify our consideration. It is obvious that it is implied by S-h-AC,
but we were unable to construct an example in which W-h-AC is satisfied while S-
h-AC is not. We leave the question of whether it is possible to construct such an
example (or whether W-h-AC and S-h-AC are equivalent) open. Note that, in case
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of the uncontrolled dynamics (U consists only of one point; say, U = {ū}), S-h-AC
is implied by W-h-AC and, hence, W-h-AC and S-h-AC are equivalent. In fact, as is
noticed later (see Remark 4 on page 10), if W-h-AC is satisfied, then there exists a
nonrandom vector h̃ such that

E

[∥∥∥∥∥ 1

S

∫ S

0

h(ū, y(τ))dτ − h̃

∥∥∥∥∥
]
≤ ν̄(C,α)(S), lim

S→∞
ν̄(C,α)(S) = 0(3.5)

for any solution y(·) of (2.4) which has the initial condition satisfying the inequality
E[||y(0)||α] ≤ C = const. It follows that, for any two solutions y′(·) and y′′(·) of (2.4)
with the initial conditions satisfying a similar inequality,

E

[∥∥∥∥∥ 1

S

∫ S

0

h(ū, y′(τ))dτ − 1

S

∫ S

0

h(ū, y′′(τ))dτ

∥∥∥∥∥
]
≤ 2ν̄(C,α)(S).

Therefore, S-h-AC is satisfied.
For h(u, y) as in (3.1), let Vh(S, y0) stand for the collection of random variables

Vh(S, y0)
def

=
⋃

(u(·), y(·))

{
1

S

∫ S

0

h(u(τ), y(τ))dτ

}
=

⋃
μ∈M(S,y0)

{∫
h(u, y)μ(du, dy)

}

(3.6)
and E[Vh(S, y0)] stand for the set of the corresponding mathematical expectations

E[Vh(S, y0)]
def

=
⋃

(u(·), y(·))

{
E

[
1

S

∫ S

0

h(u(τ), y(τ))dτ

]}

=
⋃

μ∈E[M(S,y0)]

{∫
h(u, y)μ(du, dy)

}
,(3.7)

where, in both (3.6) and (3.7), the first unions are over the admissible controls and
corresponding solutions of (2.4) with the initial conditions (2.5).

Next, we introduce the Hausdorff metric dEH(·, ·) on collections of random variables
as follows.

Definition. Let V1 and V2 be two collections of integrable random variables
defined on the same probability space and taking values in Rj. Then

dEH(V1, V2)
def
= max

{
sup
ζ∈V1

dE(ζ, V2), sup
ζ∈V2

dE(ζ, V1)

}
,(3.8)

with

dE(ζ, V2)
def

= inf
ζ′∈V2

E[||ζ−ζ ′||] ∀ζ ∈ V1, dE(ζ, V1)
def

= inf
ζ′∈V1

E[||ζ−ζ ′||] ∀ζ ∈ V2,(3.9)

where (here and in what follows) || · || is the Euclidean norm in Rj.
It is easy to see that dEH is nonnegative, symmetric, and satisfies the triangle in-

equality. For the constant valued collections of random variables, which can be viewed
as just subsets of Rj , the definition above is reduced to the “standard” definition of
the Hausdorff metric (semimetric) in Rj :

dH(V1, V2) = max

{
sup
ζ∈V1

d(ζ, V2), sup
ζ∈V2

d(ζ, V1)

}
, d(ζ, Vi) = inf

ζ′∈Vi

||ζ−ζ ′||, i = 1, 2.

(3.10)
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Note that, as in the case with ρH(·, ·) (see Remark 1 on page 3), the equality dH(·, ·) =
0 is equivalent to the fact that the closures of the corresponding subsets of Rj are
equal.

Lemma 3.1. S-h-AC is equivalent to the fulfillment of the inequality

dEH(Vh(S, y′0), Vh(S, y′′0 )) ≤ νh(S)(1 + E[||y′0||α] + E[||y′′0 ||α]),(3.11)

and W-h-AC is equivalent to the fulfillment of the inequality

dH(E[Vh(S, y′0)], E[Vh(S, y′′0 )]) ≤ νh(S)(1 + E[||y′0||α] + E[||y′′0 ||α])(3.12)

for any initial conditions y′0 and y′′0 .
Proof. The proof is obvious.
Definition. We shall say that the initial condition (2.5) has a probability distri-

bution belonging to the class (C,α) if

E[||y0||α] ≤ C = const.(3.13)

Theorem 3.2. Let Assumption 1 be valid. If the CSDE (2.4) satisfies W-h-AC,
then there exists a convex and compact set Vh ⊂ Rj such that, for any initial condition
y0 with the probability distribution from the class (C,α),

dH(E[Vh(S, y0)], Vh) ≤ νC,α
h (S), lim

S→∞
νC,α
h (S) = 0.(3.14)

Conversely, if there exists Vh such that (3.14) is valid for any initial condition y0 with
the probability distribution from the class (C,α), then W-h-AC is satisfied for any
initial conditions y′0, y

′′
0 with the probability distributions from this class.

Proof. The fact that the validity of (3.14) implies W-h-AC is obvious since from
(3.14) it follows that

dH(E[Vh(S, y′0)], E[Vh(S, y′′0 )]) ≤ dH(E[Vh(S, y′0)], Vh) + dH(Vh, E[Vh(S, y′′0 )])

≤ 2νC,α
h (S),

which, by (3.12), leads to the fulfillment of W-h-AC. The proof of the fact that W-
h-AC implies the existence of a convex and compact set Vh which satisfies (3.14) for
any initial condition y0 with the probability distribution from the class (C,α) is given
in section 6.

Theorem 3.3. Let Assumption 1 be valid. If the CSDE (2.4) satisfies W-h-AC
for any vector function h(u, y) as in (3.1). Then the LOMS M of the CSDE (2.4)
with respect to the initial conditions having the probability distribution from the class
(C,α) exists. That is, for any initial condition y0 with the probability distribution
from this class, the estimate is valid:

ρH(E[M(S, y0)],M) ≤ νC,α(S), lim
S→∞

νC,α(S) = 0.(3.15)

Also, the LOMS M allows the representation

M def

= {μ ∈ P(U ×Rm) |
∫

h(u, y)μ(du, dy) ∈ Vh ∀h(u, y) as in (3.1)},(3.16)

where Vh are convex and compact sets the existence of which (for every h(u, y) as in
(3.1)) is established by Theorem 3.2.
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Conversely, if there exists a convex and compact set M ⊂ P(U × Rm) which
satisfies (3.15) with any initial condition y0 having the probability distribution from
the class (C,α), then W-h-AC is satisfied for any vector function h(·) as in (3.1) and
any initial conditions y′0, y

′′
0 with the probability distributions from this class. Also,

for any h(·) as in (3.1), the estimate (3.14) is valid with

Vh =
⋃

μ∈M

{∫
h(u, y)μ(du, dy)

}
.(3.17)

Proof of Theorem 3.3 is in the end of section 6.

Theorem 3.4. Let Assumption 1 be valid. (i) If the CSDE (2.4) satisfies S-h-
AC, then, for any initial condition y0 with the probability distribution from the class
(C,α),

sup
ζ∈Vh

dE(ζ, Vh(S, y0)) ≤ ν̃
(C,α)
h (S), lim

S→∞
ν̃

(C,α)
h (S) = 0,(3.18)

where Vh is as in (3.14) and dE(·, ·) is defined by (3.9).

(ii) If the CSDE (2.4) satisfies S-h-AC for any vector function h(·) as in (3.1),
then, for any initial condition y0 with the probability distribution from the class (C,α),

sup
μ∈M

ρE(μ,M(S, y0)) ≤ ν̃(C,α)(S), lim
S→∞

ν̃(C,α)(S) = 0,(3.19)

where

ρE(μ,M(S, y0))
def

= inf
μ′∈M(S,y0)

E[ρ(μ, μ′)].(3.20)

Proof of Theorem 3.4 is in section 6.

In conclusion of this section let us consider the following simple result which is
used in the proof of Theorem 3.4.

Proposition 3.5. Let Vi, i = 1, . . . , k be collections of random variables defined
on the same probability space such that any element ζi ∈ Vi is independent from any
element ζj ∈ Vj for i 	= j. Assume also that

E[||ζi||2] ≤ c̄ = const ∀ζi ∈ Vi, i = 1, 2 . . . k.

Then

dEH

(
1

k

k∑
1

Vi,
1

k

k∑
1

E[Vi]

)
≤
√

c̄

k
,(3.21)

where E[Vi] stands for the set of mathematical expectations of the elements of Vi and
dEH(·, ·) is defined in (3.8).

Proof. Take an arbitrary element ζ ∈ 1
k

∑k
1 Vi. By definition it is presented in

the form ζ = 1
k

∑k
1 ζi, where ζi ∈ Vi. Consider

ζ̄
def

= E[ζ] =
1

k

k∑
1

E[ζi] ∈
1

k

k∑
1

E[Vi].
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Due to the independence of ζi, i = 1, . . . , k,

E[||ζ − ζ̄||] ≤
√
E[||ζ − ζ̄||2] =

√√√√ 1

k2

k∑
1

E[||ζi − E[ζi]||2] ≤
√

c̄

k
.(3.22)

Now take an arbitrary ζ̄ ∈ 1
k

∑k
1 E[Vi]. By definition, there exist ζi ∈ Vi such that

ζ̄ = 1
k

∑k
1 E[ζi]. Define ζ

def

= 1
k

∑k
1 ζi ∈ 1

k

∑k
1 Vi. Similarly to (3.22), one can establish

that E[||ζ − ζ̄||] ≤
√

c̄
k . This completes the proof of the proposition.

4. Representation of the limit occupational measures set. Let C2
0 (Rm) be

the space of twice continuously differentiable functions f(y) : Rm → R1 which vanish
at infinity along with their first and second derivatives and let D be a countable dense
set in C2

0 (Rm). Let L : C2
0 (Rm) → Cb(U ×Rm) be the operator defined as follows:

(Lf)(y, u) =
1

2
tr(b(y)bT (y)∇2f(y)) + 〈∇f(y), a(u, y)〉 ∀f ∈ C2

0 (Rm).(4.1)

Define the set of probability measures D ⊂ P(Rs ×A) by

D = {μ ∈ P(U ×Rm) :

∫
(Lf)(u, y)μ(du, dy) = 0 ∀f ∈ D}.(4.2)

and introduce the following assumption.
Assumption 2. For some α > 0,∫

||y||αμ(du, dy) ≤ c2 = const ∀μ ∈ D.(4.3)

Note that the set D is convex and it is easy to verify that it is compact if As-
sumption 2 is satisfied. In fact, from this assumption it follows that D is tight and,
hence, by Prohorov’s theorem (see, e.g., Theorem 2.3.1, p. 25 in [15]), it is relatively
compact in P(U ×Rm). Also, D is closed. This implied the compactness.

In [13] and [49] it was shown that, under some mild conditions, the set D rep-
resents the set of marginal distributions of stationary relaxed solutions of (2.4). In
the following theorem it is established that, if W-h-AC is satisfied for any h(u, y) as
in (3.1)), then the LOMS of the CSDE (2.4) exists (the existence being implied by
Theorem 3.3) and coincides with D.

Theorem 4.1. Let Assumptions 1 and 2 be satisfied with α ≥ 2. Then,
(i) The estimate

ρH

⎛
⎝ ⋃

{y0}∈(C,α)

{E[M(S, y0)]}, D

⎞
⎠ ≤ ν̄(C,α)(S), lim

S→∞
ν̄(C,α)(S) = 0,(4.4)

is valid, where the union is over all initial conditions with the probability distribution
from the class (C,α).

(ii) If W-h-AC is satisfied for any h(u, y) as in (3.1), then the LOMS M of the
CSDE (2.4) with respect to the initial conditions having the probability distribution
from the class (C,α) exists and is equal to D:

M = D.(4.5)
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Proof. The statement (i) of the theorem is proved in section 7 on the basis of
Theorem 4.2 stated below. The validity of (ii) is proved on the basis of (i) as follows.
By (3.15),

ρH

⎛
⎝ ⋃

{y0}∈(C,α)

{E[M(S, y0)]}, M

⎞
⎠ ≤ νC,α(S).

If now one assumes that (4.4) is valid, it will follow that

ρH(M, D) ≤ νC,α(S) + ν̄(C,α)(S) ⇒ ρH(M, D) = 0.

The latter implies (4.5) since both M and D are compact.
Theorem 4.2. Let Assumption 1 be satisfied with α ≥ 2. Then, for any initial

condition y0 with the probability distribution from the class (C,α),

sup
μ∈M(S,y0)

E[ρ(μ,D)] ≤ ν̄(C,α)(S), lim
S→∞

ν̄(C,α)(S) = 0,(4.6)

where ρ(μ,D) is defined as in (2.3).
Proof of Theorem 4.2 is in section 7.
Corollary 4.3. Let Assumptions 1 and 2 be valid with α ≥ 2. If the CSDE

(2.4) satisfies W-h-AC for any vector function h(·) as in (3.1), then, for any initial
condition y0 with the probability distribution from the class (C,α),

ρH(E[M(S, y0)], D) ≤ νC,α(S), lim
S→∞

ν(C,α)(S) = 0.(4.7)

If the CSDE (2.4) satisfies S-h-AC for any vector function h(·) as in (3.1), then, for
any initial condition y0 with the probability distribution from the class (C,α),

sup
μ∈D

ρE(μ,M(S, y0)) ≤ ν̃(C,α)(S), lim
S→∞

ν̃(C,α)(S) = 0.(4.8)

Proof. The proof follows immediately from Theorems 3.3, 3.4, and 4.1(ii).
Remark 3. The estimate (4.8) is, in fact, equivalent to the validity of S-h-AC for

any vector function h(·). Let us show that if (4.8) is satisfied, then, for any y′0, u
′(·)

and any y′′0 , there exists u′′(·) such that (3.2) is valid (with y′0, y
′′
0 being assumed

to be from the class (C,α)). Let μ
u′(·)y′(·)
S be the occupational measure generated

by the pair (u′(·), y′(·)) on the interval [0, S]. By (4.6), there exists μ′
S ∈ D such

that E[ρ(μ
u′(·)y′(·)
S , μ′

S)] ≤ ν̄(C,α)(S). From (4.8) it follows, in turn, that the estimate
E[ρ(μ′

S , μ
′′
S)] ≤ ν̃(C,α)(S) is valid for some μ′′

S ∈ M(S, y′′0 ). By definition, μ′′
S is an

occupational measure generated on the interval [0, S] by some admissible control u′′(·)
and the corresponding solution y′′(·) of the CSDE (2.4) which satisfies the initial

condition y′′(0) = y′′0 . That is, μ′′
S = μ

u′′(·)y′′(·)
S and E[ρ(μ

u′(·)y′(·)
S , μ

u′′(·)y′′(·)
S )] ≤

ν̄(C,α)(S) + ν̃(C,α)(S). The latter estimate implies the validity of S-h-AC for any h(·)
as in (3.1).

Remark 4. Under Assumptions 1 and 2, one can show that, corresponding to any
extreme point μ of D, there exists an admissible control uμ(·) and the corresponding
solution yμ(·) of the CSDE (2.4) such that, for any h(·) as in (3.1), there almost surely
exists the limit

lim
S→∞

1

S

∫ S

0

h(uμ(τ), yμ(τ))dτ =

∫
h(u, y)μ(du, dy).(4.9)
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We do not give the proof of this statement in the paper (it is based on results of
[13], [49], and the ergodic theory). Let us note only that, for the uncontrolled case
mentioned in Remark 2 on page 5, it follows that, if W-h-AC is satisfied, then the
value of the integral on the right-hand side of (4.9) is the same for any extreme points
μ of D and, hence, it is the same for all elements of D. Denoting this value as h̃ and
using (4.6), one can easily verify the validity of (3.5).

Let g(u, y) : U × Rm → Rn be continuous and satisfy Lipschitz conditions in y.
Define the collection of Rn-valued random variables Vg(S, y0) similarly to (3.6) with
the replacement of h(·) by g(·). That is,

Vg(S, y0)
def

=
⋃

(u(·),y(·))

{
1

S

∫ S

0

g(u(τ), y(τ))dτ

}
=

⋃
μ∈M(S,y0)

{∫
g(u, y)μ(du, dy)

}
,

(4.10)
where, as in (3.6), the first union is over all admissible controls and corresponding
solutions of the CSDE (2.4). Define also the set Vg ⊂ Rn by

Vg
def

=
⋃
μ∈D

{∫
g(u, y)μ(du, dy)

}
,(4.11)

where the union is over elements of D. Note that from the convexity of D it follows
that Vg is convex. Also, the following two corollaries used in averaging of singularly
perturbed CSDE (see section 5 below) are valid.

Corollary 4.4. Let Assumptions 1 and 2 be satisfied with α ≥ 2. Then the

set Vg is compact and there exists a function ν̄
(C,α)
g (S), tending to zero as S tends

to infinity, such that for any initial condition y0 with the distribution from the class
(C,α),

sup
v∈Vg(S,y0)

E[d(v, Vg)] ≤ ν̄(C,α)
g (S).(4.12)

Corollary 4.5. Let Assumptions 1 and 2 be valid with α ≥ 2 and let the CSDE
(2.4) satisfies S-h-AC for any vector function h(u, y) as in (3.1). Then there exists

a function ν̃
(C,α)
g (S), tending to zero as S tends to infinity, such that for any initial

condition y0 with the probability distribution from the class (C,α),

sup
v∈Vg

dE(v, Vg(S, y0)) ≤ ν̃(C,α)
g (S).(4.13)

Proofs of Corollaries 4.4 and 4.5. The proofs follow from Theorems 4.1(ii), (4.2),
and Theorems 4.1(ii), (3.4), respectively, if g(·) = h(·) (with h(·) being as in (3.1)).
In the general case, the corollaries are proved in section 7.

5. Application in averaging of singularly perturbed controlled stochas-
tic differential equations. Consider the following singularly perturbed CSDE:

dyε(t) =
1

ε
a(u(t), yε(t))dt +

1√
ε
b(yε(t))dB1(t).(5.1)

dzε(t) = g(u(t), yε(t), zε(t))dt + σ(zε(t))dB2(t),(5.2)

with the initial conditions

yε(0) = y0, zε(0) = z0,(5.3)

where:
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• ε is a small positive parameter;
• the functions b(·) : Rm → Rm×m and σ(·) : Rn → Rn×n satisfy Lipschitz

conditions; the functions a(u, y) : U × Rm → Rm and g(u, y, z) : U × Rm ×
Rn → Rn are continuous and satisfy Lipschitz conditions, respectively, in y
and (y, z) uniformly with respect to u ∈ U ;

• U is a compact metric space;
• B1(·) and B2(·) are Rm- and Rn-valued independent standard Brownian mo-

tions;
• y0 and z0 are Rm- and Rn-valued random variables which have bounded

fourth moments and are independent of B1(·), B2(·);
• admissible controls u(·) are U -valued random processes progressively measur-

able with respect to a right continuous and complete filtration {F̂t} of σ-fields
such that

• {y0, z0 & B1(θ), B2(θ); θ ≤ t} is measurable with respect to F̂t for t ≥ 0,
• For t′ ≥ t ≥ 0, B1(t

′)−B1(t) and B2(t
′)−B2(t) are independent of F̂t.

Let us set τ = t
ε , y(τ) = yε(ετ), u′(τ) = uε(ετ),W (τ) = 1√

ε
B1(ετ) and {Fτ} =

{F̂ετ}. The subsystem (5.1) takes then the form of the CSDE (2.4) and is called
the associated system. Assuming that the associated system satisfies Assumptions 1
and 2, let us define the averaged CSDE by

dz(t) = g̃(μ(t), z(t))dt + σ(z(t))dB2(t),(5.4)

where:
• g̃(μ, z)

def

=
∫
Rm×U

g(u, y, z)μ(du, dy) : P(Rm × U) ×Rn → Rn;
• the Brownian motion B2(·) and the initial condition z(0) = z0 are the same

as in (5.2);
• admissible controls μ(·) are {F̂t}-progressive D-valued random processes (D

being defined in (4.2)).
Let G(·) : Rn → R be Lipschitz continuous and T > 0. Consider the problem of
optimal control

inf
u(·),yε(·),zε(·)

E[G(zε(T ))]
def

= G∗
ε ,(5.5)

where inf is over the admissible controls and the corresponding solutions of the
singularly perturbed CSDE (5.1) and (5.2). Consider also the problem

inf
μ(·),z(·)

E[G(z(T ))]
def

= G∗
av,(5.6)

where inf is over the admissible controls and the corresponding solutions of the
averaged CSDE (5.4). Note that, if σ(·) ≡ 0, then the averaged system (5.4) is purely
deterministic and the minimization in (5.6) can be restricted to open loop controls (a
similar phenomenon was dealt with in [1], where the fast dynamics were defined by a
Markov decision process).

Theorem 5.1. (i) Let the associated system satisfy Assumptions 1 and 2 with
α = 4. Then, corresponding to any admissible solution (yε(·), zε(·)) of the singularly
perturbed CSDE (5.1) and (5.2), there exists an admissible solution z(·) of the averaged
CSDE (5.4) such that

max
t∈[0,T ]

E[||zε(t) − z(t)||2] ≤ ν̃(ε), lim
ε→0

ν̃(ε) = 0(5.7)
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and the following inequality is valid:

lim inf
ε→0

G∗
ε ≥ G∗

av.(5.8)

(ii) If, in addition, the associated system satisfies S-h-AC for any vector function h(·)
as in (3.1), then, corresponding to an arbitrary admissible solution z(·) of the averaged
CSDE (5.4), there exists an admissible solution (yε(·), zε(·)) of the singularly perturbed
CSDE (5.1) and (5.2) such that (5.7) is valid and

lim
ε→0

G∗
ε = G∗

av.(5.9)

Proof. The proof’s details are outlined in section 8.
Remark 5. The approximation of the z-components of the state variables of

the CSDE (5.1) and (5.2) by the solutions of the averaged system (5.4) stated in
Theorem 5.1 has many similarities with the classical relaxed control setting (see [52]).
In contrast to the latter, however, the approximation established in Theorem 5.1
is asymptotic (that is valid when the small parameter tends to zero) and also the
controls used in (5.4) take values in the LOMS (and not in the space of all probability
measures defined on the control set).

Remark 6. Note that the conditions of Theorem 5.1 can be relaxed. Namely,
the theorem remains valid if Assumptions 1 and 2 are satisfied with α > 2 and also
if they are satisfied with α = 2 (to prove the result in the latter case, one needs
to impose some additional conditions; in particular, one needs to assume that there
exists an integrable random variable η such that the solution of the associated system
satisfy the inequality ||y(τ)||2 ≤ η ∀τ ≥ 0). Note also that a statement similar to
Theorem 5.1 is valid for singularly perturbed CSDE in which the fast subsystem may
depend on the slow state variables. The proof of such a statement is in many ways
similar to one outlined in section 8 but it is more technically involved and we do not
include it in the paper.

Let us consider a special case when b(y) = 0. That is, the associated system is
deterministic and it can be written in the form

dy(τ)

dτ
= a(u(τ), y(τ)).(5.10)

Assume that there exist positive definite matrices F1 and F2 such that, for any y′, y′′

and any u ∈ U ,

(a(u, y′) − a(u, y′′))TF1(y
′ − y′′) ≤ −(y′ − y′′)TF2(y

′ − y′′),(5.11)

Note that (5.11) is satisfied if a(u, y) = A1y+A2u (as in (2.13)), with the eigenvalues
of A1 having negative real parts. Taking yTF1y as a Liapunov function, one can easily
verify (see, e.g., [27]) that solutions y′(τ) and y′′(τ) of (5.10) obtained with the same
control and with initial conditions y′(0) = y′0, y′′(0) = y′′0 , satisfy the inequality

||y′(τ) − y′′(τ)|| ≤ β1e
−β2τ ||y′0 − y′′0 || ∀τ ≥ 0,(5.12)

where β1 and β2 are some positive constants. This implies the validity of S-h-AC.
From (5.12) it follows (see Theorem 3.1(ii) in [25]) that there exists a compact set
Y ⊂ Rm such that any solution y(·) of (5.10) satisfies the inequality

min
y∈Y

||y(τ) − y|| ≤ β1e
−β2τ min

y∈Y
||y(0) − y|| ∀τ ≥ 0,(5.13)
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where β1, β2 are as in (5.12) (that is, Y is forward invariant with respect to the
solutions of (5.10) and is a global attractor for these solutions). Using the inequality
(5.13), it is straightforward to verify that Assumption 1 is satisfied with an arbitrary
positive α. Also, using this inequality, one can establish that μ(U ×Y ) = 1 ∀μ ∈ M,
where, as above, M is the limit occupational measures set. Hence, this set allows the
representation (see (4.2) and Theorem 4.1(ii))

M = D = {μ ∈ P(U × Y ) :

∫
U×Y

〈∇f(y), a(u, y)〉μ(du, dy) = 0 ∀ f ∈ D},(5.14)

where P(U × Y ) is the space of probability measures defined on Borel subsets of
U × Y . Note that the representation of the LOMS in the form (5.14) is consistent
with one obtained for the deterministic case in [26] and that Assumption 2 is satisfied
automatically in this case.

As an example, let us consider the singularly perturbed CSDE (5.1) and (5.2), in
which: y = (y1, y2) (that is, y ∈ R2); U is a square in R2: U = {(u1, u2) : |ui| ≤
1, i = 1, 2};

b(y) = 0, a(u, y) = (−y1 + u1, −y2 + u2);(5.15)

and the slow dynamics are one dimensional (z ∈ R1) with z0 = 0 (zero initial condi-
tion) and with

σ(z) = σ = const, g(u, y, z) = g(u, y)
def

= y2u1 − y1u2.(5.16)

Consider the optimal control problem (5.5) with G(z) = z. Using (5.15) and (5.16),
it is easy to verify that, if the fast subsystem (5.1) is multiplied by ε and, then ε is
formally equated to zero, the resulting slow dynamics become uncontrolled and the
value of the objective function is equal to zero. The limit of the optimal value of (5.5)
is, however, strictly less than zero: limε→0 G

∗
ε < 0. This is evidenced by the fact that,

if the rapidly oscillating controls u1(t) = cos( t
ε ), u2(t) = sin( t

ε ) are used, then the
value of the objective function can be verified to be equal to −0.5T +O(ε) < 0. Thus,
the classical approach based on the equating of the singular perturbation parameter
to zero is not applicable in the given example. The averaged problem is equivalent in
this case to the infinite dimensional linear program

min
μ∈D

∫
U×Y

g(u, y)μ(du, dy)
def

= g∗,(5.17)

with G∗
av = g∗T , where D is as in (5.14) and g(u, y) is defined in (5.16). Note that

the solution of the problem (5.17) has been found numerically by approximating the
problem with finite dimensional linear programs (using the approach proposed in [29]).
The optimal value g∗ of (5.17), in particular, was found to be approximately equal to
−0.7679. One may conclude, therefore (by (5.9)), that limε→0 G

∗
ε ≈ −0.7679T .

In some cases the averaged system can be equivalent to the system obtained via
equating of the singular parameter to zero. To illustrate that, let us assume that
the associated system is linear (that is, (2.13) is true, with eigenvalues of A1 having
negative real parts). Let us assume also that the slow subsystem (5.2) is linear in y
and u. That is,

g(u, y, z)
def

= A4(z)y + A5(z)u,(5.18)
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with A4(z), A5(z) being matrices functions of the corresponding dimensions, then the
averaged system becomes equivalent to

dz(t) = A4(z(t))ȳ(t) + A5(z(t))ū(t) + σ(z(t))dB2(t),(5.19)

where

(ū(t), ȳ(t)) ∈ Ω
def

=

{
(ū, ȳ) | (ū, ȳ) =

∫
(u, y)μ(du, dy), μ ∈ D

}
.(5.20)

Under the assumption that U is convex, it can be shown (although, we do not do it
in this paper) that the set Ω defined above can be represented in the form

Ω = {(ū, ȳ) | ȳ = −A−1
1 A2ū, ū ∈ U}.(5.21)

and that (5.19) is equivalent to the system

dz(t) = (−A4(z(t))A
−1
1 A2 + A5(z(t)))ū(t) + σ(z(t))dB2(t), ū(t) ∈ U.(5.22)

Note that the system (5.22) can be obtained via multiplying (5.1) by ε, then formally
equating ε to zero and expressing y as a function of u, and then substituting the result
into (5.2).

6. Proofs for section 3. Proofs of Theorems 3.2 and 3.4 are based on a number
of lemmas stated below.

Lemma 6.1. Let a function ψ(S) : (0,∞) → R1 be such that, for some monotone
decreasing function ν(S), limS→∞ν(S) = 0, the following inequalities are valid:

|ψ(S) − ψ(kS)| ≤ ν(S), k = 1, 2, . . . .(6.1)

Let also

|ψ(S′) − ψ(S′′)| ≤ α|S′′ − S′|
max{S′, S′′} ∀S′, S′′ > 0, α = const.(6.2)

Then there exists a limit

limS→∞ψ(S)
def

= A(6.3)

and the estimate

|ψ(S) −A| ≤ ν(S) ∀S > 0(6.4)

is valid.
Proof. To establish the existence of the limit it is sufficient to show that, corre-

sponding to any δ > 0, there exists Sδ > 0 such that, for any S′′ ≥ S′ ≥ Sδ,

|ψ(S′′) − ψ(S′)| ≤ δ.(6.5)

Note that from (6.1) it follows that, for any k2 ≥ k1 ≥ 1,

|ψ(S)−ψ

(
k2

k1
S

)
| ≤ |ψ(S)−ψ(k2S)|+|ψ(k2S)−ψ

(
k2

k1
S

)
| ≤ ν(S)+ν

(
k2

k1
S

)
≤ 2ν(S).
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Choose integer k2 ≥ k1 ≥ 1 in such a way that

0 ≤ S′′

S′ − k2

k1
≤ δ

2α
⇒ 0 ≤ S′′ − k2

k1
S′ ≤ δ

2α
S′.

Then, by (6.2),

|ψ(S′′)−ψ(S′)| ≤ |ψ(S′′)−ψ

(
k2

k1
S′
)
|+ |ψ

(
k2

k1
S′
)
−ψ(S′)| ≤

α|S′′ − k2

k1
S′|

k2

k1
S′ +2ν(S′)

≤ δ

2
+ 2ν(S).

Choosing Sδ to be such that ν(Sδ) = δ
2 , one establishes (6.5). Thus the limit (6.3)

exists. Passing to the limit as k → ∞ in (6.1), one obtains the estimate (6.4).
In the following lemmas, it is always supposed that Assumption 1 is satisfied.
Lemma 6.2. Let h(·) be as in (3.1) and the constant ch be defined by

ch
def

= max
(u,y)∈U×R̄m

||h(u, y)||.(6.6)

Then the following estimates are valid:

sup
ζ∈Vh(S,y0)

E[||ζ||] ≤ ch ⇒ sup
ζ∈E[Vh(S,y0)]

||ζ|| ≤ ch;(6.7)

dEH(Vh(S′, y0), Vh(S′′, y0)) ≤
2ch|S′′ − S′|
max{S′, S′′} ;(6.8)

dH(E[Vh(S′, y0)], E[Vh(S′′, y0)]) ≤
2ch|S′′ − S′|
max{S′, S′′} .(6.9)

Proof. Note that (6.7) is obvious and that (6.9) follows from (6.8) since

dH(E[V1], E[V2]) ≤ dEH(V1, V2)

for any collections of random variables V1 and V2 such that E[||ζ||] < ∞ ∀ζ ∈ Vi, i =
1, 2. Let us prove (6.8). Assume that S′′ ≥ S′. Then, by (6.7), for any admissible
control u(·) and corresponding solution y(·) of the CSDE (2.4),

E

[∥∥∥∥∥ 1

S′

∫ S′

0

h(u(τ), y(τ))dτ − 1

S′′

∫ S′′

0

h(u(τ), y(τ))dτ

∥∥∥∥∥
]

≤ E

[∥∥∥∥∥
(

1

S′ −
1

S′′

)∫ S′

0

h(u(τ), y(τ))dτ

∥∥∥∥∥
]

+ E

[∥∥∥∥∥ 1

S′′

∫ S′′

S′
h(u(τ), y(τ))dτ

∥∥∥∥∥
]

≤ 2ch(S′′ − S′)

S′′ .

This implies (6.8).
Lemma 6.3. Let y0 be fixed (nonrandom) and Ψ(p, S, y0) be the support function

of the set E[Vh(S, y0)]:

Ψh(p, S, y0)
def

= sup
v∈E[Vh(S,y0)]

{pT v}.



1452 VIVEK BORKAR AND VLADIMIR GAITSGORY

If the CSDE (2.4) satisfies W-h-AC, then there exists a convex, positively homogeneous
and Lipschitz continuous function Ψh(p) such that

|Ψh(p, S, y0) − Ψh(p)| ≤ cνh(S)||p||(1 + ||y0||α),(6.10)

where νh(S) is the function introduced in (3.2) and c = 1+c1(c1 is the constants from
(2.12)).

Proof. Note, first, that Ψh(p, S, y0) allows also the representation

Ψh(p, S, y0) =
1

S
sup

(u(·),y(·))

{
E

[∫ S

0

pTh(u(τ), y(τ))dτ |y(0) = y0

]}
,

where the sup is over all admissible controls and corresponding solutions of (2.4).
From (6.7) it follows that

|Ψh(p, S, y0)| ≤ ch||p||, |Ψh(p′, S, y0) − Ψh(p′′, S, y0)| ≤ ch||p′ − p′′||(6.11)

and from (6.9) it follows that

|Ψh(p, S′, y0) − Ψh(p, S′′, y0)| ≤
2ch||p|||S′′ − S′|

max{S′, S′′} .(6.12)

Also, by (3.12),

|Ψh(p, S, y′0) − Ψh(p, S, y′′0 )| ≤ νh(S)||p||(1 + ||y′0||α + ||y′′0 ||α).(6.13)

Note that if (6.10) is established, then the fact that Ψh(p) is convex, positively
homogeneous and Lipschitz continuous will follow from the fact that Ψh(p, S, y0) is
convex, positively homogeneous and Lipschitz continuous in p (see (6.11)).

By Lemma 6.1, to establish (6.10), it is sufficient to verify the validity of the
following estimates:

|Ψ(p, kS, y0) − Ψ(p, S, y0)| ≤ cνh(S)||p||(1 + ||y0||α), k = 1, 2, . . . .(6.14)

For k = 1 it is obvious. Assume that

|Ψ(p, (k − 1)S, y0) − Ψ(p, S, y0)| ≤ cνh(S)||p||(1 + ||y0||α)(6.15)

and show the validity of (6.14) using the induction. Define the collection of random
variables Wh(S, y0) as follows:

Wh(S, y0)
def

=
⋃

(u(·),y(·))

{(
1

S

∫ S

0

h(u(τ), y(τ))dτ, y(S)

)}
,(6.16)

where the union is over all admissible controls and corresponding solutions of the
CSDE (2.4). Using dynamic programming, one can obtain

Ψh(p, kS, y0) = sup
(ζ,η)∈Wh((k−1)S,y0)

{
k − 1

k
E[pT ζ] +

1

k
E[Ψh(p, S, η)]

}
.(6.17)

By (6.13) and (2.12), for any η such that (ζ, η) ∈ Wh((k − 1)S, y0),

|E[Ψh(p, S, η)] − Ψh(p, S, y0) | ≤ E[|Ψh(p, S, η) − Ψh(p, S, y0)|]
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≤ νh(S)||p||(1 + E[||η||α] + ||y0||α) ≤ νh(S)||p||(1 + c1(1 + ||y0||α) + ||y0||α)

= cνh(S)||p||(1 + ||y0||α),

with the constant c being as defined in the statement of the lemma. Hence, using
(6.17), one can obtain∣∣∣∣Ψh(p, kS, y0) −

(
k − 1

k
Ψh(p, (k − 1)S, y0) +

1

k
Ψh(p, S, y0)

)∣∣∣∣
=

∣∣∣∣∣Ψh(p, kS, y0) − sup
(ζ,η)∈Wh((k−1)S,y0)

{
k − 1

k
E[pT ζ] +

1

k
Ψh(p, S, y0)

}∣∣∣∣∣
≤ 1

k
sup

(ζ,η)∈Wh((k−1)S,y0)

{|E[Ψh(p, S, η)]−Ψh(p, S, y0)|} ≤
(

1

k

)
cνh(S)||p||(1 + ||y0||α).

From (6.15) it follows, on the other hand, that∣∣∣∣k − 1

k
Ψh(p, (k − 1)S, y0) −

k − 1

k
Ψh(p, S, y0))

∣∣∣∣ ≤
(
k − 1

k

)
cνh(S)||p||(1 + ||y0||α)

⇒ |Ψh(p, kS, y0) − Ψh(p, S, y0)|

≤
∣∣∣∣Ψh(p, kS, y0) −

(
k − 1

k
Ψh(p, (k − 1)S, y0

)
+

1

k
Ψh(p, S, y0))

∣∣∣∣
+

∣∣∣∣k − 1

k
Ψh(p, (k − 1)S, y0) −

k − 1

k
Ψh(p, S, y0)

∣∣∣∣ ≤
(

1

k
+

k − 1

k

)
cνh(S)||p||(1+||y0||α).

The latter implies (6.14).
Lemma 6.4. Let the CSDE (2.4) satisfy W-h-AC and let Vh be a convex and

compact subset of Rj defined by

Vh
def

= {v | pT v ≤ Ψh(p) ∀p ∈ Rj}.(6.18)

Then, for any y0 with the probability distribution from the class (C,α),

dH(coE[Vh(S, y0)], Vh) ≤ c(1 + C)νh(S),(6.19)

where co stands for the convex hull of the corresponding set.
Comment. The notation (6.18) anticipates the fact that this set will coincide with

the set Vh, the existence of which is claimed in Theorem 3.2.
Proof. Note that the fact that the set Vh is convex and compact follows from its

definition in the form (6.18) and from the continuity of Ψh(p).
Let y0 be random. The support functions of both E[Vh(S, y0)] and coE[Vh(S, y0)]

are equal to E[Ψh(p, S, y0)]:

sup
v∈coE[Vh(S,y0)]

{pT v} = sup
v∈E[Vh(S,y0)]

{pT v} = E[Ψh(p, S, y0)].
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The support function for Vh is Ψh(p) (see Corollary 13.2.1 in [47]). Hence (see, e.g.,
Lemma Π2.9, p. 207 in [24]),

dH(coE[Vh(S, y0)], Vh) ≤ sup
||p||≤1

|E[Ψh(p, S, y0)] − Ψh(p)|.(6.20)

By (6.10),

| E[Ψh(p, S, y0)]−Ψh(p) | ≤ cνh(S)||p||(1+E[||y0||α]) ≤ cνh(S)||p||(1+C)(6.21)

for any y0 with the probability distribution from the class (C,α). This and (6.20)
imply (6.19).

Lemma 6.5. For any S > 0 and k = 1, 2, . . ., there exists a collection of random
variables V ′

h(kS, y0) such that

V ′
h(kS, y0) ⊂ Vh(kS, y0) ⇒ E[V ′

h(kS, y0)] ⊂ E[Vh(kS, y0)](6.22)

and such that: (i) The estimate

dH(E[V ′
h(kS, y0)], coE[Vh(S, y0)]) ≤

c̄h
k

+ cνh(S)(1 + E[||y0||α]),(6.23)

is valid if W-h-AC is satisfied; and (ii) The estimate

dEH(V ′
h(kS, y0), coE[Vh(S, y0)] ≤

ch√
k

+
c̄h
k

+ cνh(S)(1 + E[||y0||α]),(6.24)

is valid if S-h-AC is satisfied (ch, c̄h and c being constants).
Proof. The following three parts detail the proof.
Part I: Construction of V ′

h(kS, y0). Consider the CSDE (2.4) on the interval
[0, kS] (k = 1, 2, . . .). Denote by {u(·)}0,kS the family of admissible controls on the
interval [0, kS] such that the restriction of any control from this family to the interval
((i − 1)S, iS] (k ≥ i ≥ 1) is conditionally independent on F(i−1)S conditioned on
y((i− 1)S).

Define V ′(kS, y0) as the collection of random variables

V ′
h(kS, y0)

def

=
⋃

{u(·),y(·)}0,kS

{
1

kS

∫ kS

0

h(u(τ), y(τ))dτ

}
(6.25)

and E[V ′(kS, y0)] as the set of corresponding mathematical expectations

E[V ′
h(kS, y0)]

def

=
⋃

{u(·),y(·)}0,kS

{
E

[
1

kS

∫ kS

0

h(u(τ), y(τ))dτ

]}
,(6.26)

where, in both cases, the union is over the controls from {u(·)}0,kS and the corre-
sponding solutions of the CSDE (2.4) on the interval [0, kS]. Note that, by definition,

V ′
h(S, y0) = Vh(S, y0), E[V ′

h(S, y0)] = E[Vh(S, y0)](6.27)

and that the inclusions (6.22) are valid for k = 2, 3, . . . .

Let {u(·), y(·)}(i−1)S,iS
η be the family of restrictions to the interval ((i−1)S, iS] of

the controls {u(·)}0,kS and the solutions of the CSDE (2.4) which are obtained with
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these controls and satisfy the initial conditions y((i− 1)S)
def

= η. Define the collection
of random variables V ′

h((i− 1)S, iS, η) (i = 1, . . . , k):

Vh((i− 1)S, iS, η)
def

=
⋃

{u(·),y(·)}(i−1)S,iS
η

{
1

S

∫ iS

(i−1)S

h(u(τ), y(τ))dτ

}
(6.28)

and the set of corresponding mathematical expectations E[Vh((i− 1)S, iS, η)]:

E[Vh((i− 1)S, iS, η)]
def

=
⋃

{u(·),y(·)}(i−1)S,iS
η

{
E

[
1

S

∫ iS

(i−1)S

h(u(τ), y(τ))dτ

]}
.(6.29)

It is easy to verify that

V ′
h(kS, y0) =

⋃
(ζ,η)∈W ′

h
((k−1)S,y0)

{
k − 1

k
ζ +

1

k
Vh((k − 1)S, kS, η)

}
(6.30)

⇒ E[V ′
h(kS, y0)] =

⋃
(ζ,η)∈W ′

h
((k−1)S,y0)

{
k − 1

k
E[ζ] +

1

k
E[Vh((k − 1)S, kS, η)]

}
,

(6.31)
where

W ′
h((k − 1)S, y0)(6.32)

def

=
⋃

{u(·),y(·)}0,(k−1)S

{(
1

(k − 1)S

∫ (k−1)S

0

h(u(τ), y(τ))dτ, y((k − 1)S)

)}
,

the union being over the controls from the family of restrictions of the elements of
{u(·)}0,kS to the interval [0, (k− 1)S] and corresponding solutions of the CSDE (2.4).

Part II: Proof of Lemma 6.5(i). Using induction, let us show that

dH(E[V ′
h(kS, y0)],

1

k

k∑
1

E[Vh((i−1)S, iS, y0)] ≤ cνh(S)(1+E[||y0||α]), k = 1, 2, . . . .

(6.33)
For k = 1 it is immediate since, by definition, E[Vh(S, y0)] = E[Vh(0, S, y0)]. Assume
that the estimate

dH(E[V ′
h((k−1)S, y0)],

1

k − 1

k−1∑
1

E[Vh((i−1)S, iS, y0)]) ≤ cνh(S)(1+E[||y0||α])

(6.34)
is valid. From Assumption 1 and W-h-AC (see (3.12)) it follows that, for any η such
that (ζ, η) ∈ W ′

h((k − 1)S, y0),

dH(E[Vh((k−1)S, kS, η)], E[Vh((k−1)S, kS, y0)]) ≤ νh(S)(1+E[||η||α]+E[||y0||α])

≤ νh(S)(1 + c1(1 + E[||y0||α]) + E[||y0||α]) = cνh(S)(1 + E[||y0||α]).

This and (6.31) lead to the estimate

dH(E[V ′(kS, y0)],
k − 1

k
E[V ′((k − 1)S, y0)] +

1

k
E[Vh((k − 1)S, kS, y0)])
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= dH

⎛
⎝E[V ′(kS, y0)],

⋃
(ζ,η)∈W ′

h
((k−1)S,y0)

{
k − 1

k
E[ζ] +

1

k
E[Vh((k − 1)S, kS, y0)]

}⎞⎠
≤
(

1

k

)
cνh(S)(1 + E[||y0||α]).

Using the estimate above and (6.34), one can further obtain that

dH(E[V ′(kS, y0)],
1

k

k∑
1

E[Vh((i− 1)S, iS, y0)])

≤ dH

(
k − 1

k
E[V ′((k − 1)S, y0)] +

1

k
E[Vh((k − 1)S, kS, y0)]

)
,

1

k

k∑
1

E[Vh((i− 1)S, iS, y0)]) +

(
1

k

)
cνh(S)(1 + E[||y0||α])

≤ dH

(
k − 1

k
E[V ′((k − 1)S, y0)],

k − 1

k

1

k − 1

k−1∑
1

E[Vh((i− 1)S, iS, y0)]

)

+

(
1

k

)
cνh(S)(1+E[||y0||α]) ≤

(
k − 1

k

)
cνh(S)(1+E[||y0||α])+

(
1

k

)
cνh(S)(1+E[||y0||α])

= cνh(S)(1 + E[||y0||α]).

Thus, (6.33) is established.
Since

E[Vh((i− 1)S, iS, y0)] = E[Vh(S, y0)] ∀i = 1, . . . , k,

(6.33) is equivalent to

dH(E[V ′
h(kS, y0)],

1

k

k∑
1

E[Vh((S, y0)]) ≤ cνh(S)(1 + E[||y0||α]).

By Shapley–Folkman’s theorem (see, e.g., [24, p. 204])

dH

(
1

k

k∑
1

E[Vh(S, y0)], coE[Vh(S, y0)]

)
≤ 2(j + 1)ch

k
,(6.35)

where ch is as in (6.6) and j is the dimension of the Euclidean space containing the

subsets above. These imply (6.23) with c̄h
def

= 2(j + 1)ch.

Part III: Proof of Lemma 6.5(ii). Let y0
0

def

= y0 and let yi0 i = 1, . . . , k− 1 have the
same probability distribution as y0 and be independent of y0 and among themselves
(and also independent of W (·)). Using induction, let us show that

dEH

(
V ′
h(kS, y0),

1

k

k∑
1

Vh((i− 1)S, iS, yi−1
0 )

)
≤ cνh(S)(1+E[||y0||α]), k = 1, 2, . . . .

(6.36)
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For k = 1, the above expression is obviously true. Assume that

dEH

(
V ′
h((k − 1)S, y0),

1

k − 1

k−1∑
1

Vh((i− 1)S, iS, yi−1
0 )

)
≤ cνh(S)(1+E[||y0||α]).

(6.37)
From Assumption 1 and S-h-AC (see (3.11)) it follows that, for any η such that
(ζ, η) ∈ W ′

h((k − 1)S, y0),

dEH
(
Vh((k − 1)S, kS, η), Vh((k − 1)S, kS, yk−1

0 )
)
≤ νh(S)(1+E[||η||α]+E[||y0||α])

≤ νh(S)(1 + c1(1 + E[||y0||α]) + E[||y0||α]) = cνh(S)(1 + E[||y0||α]).

Hence, by (6.30),

dEH

(
V ′(kS, y0),

k − 1

k
V ′((k − 1)S, y0) +

1

k
Vh((k − 1)S, kS, yk−1

0 )

)

= dEH

⎛
⎝V ′(kS, y0),

⋃
(ζ,η)∈W ′

h
((k−1)S,y0)

{
k − 1

k
ζ +

1

k
Vh((k − 1)S, kS, yk−1

0 )

}⎞⎠

≤
(

1

k

)
sup

(ζ,η)∈W ′
h
((k−1)S,y0)

dEH(Vh((k − 1)S, kS, η), Vh((k − 1)S, kS, yk−1
0 ))

≤
(

1

k

)
cνh(S)(1 + E[||y0||α]).

Using this estimate and (6.37), one obtains

dEH

(
V ′(kS, y0),

1

k

k∑
1

Vh((i− 1)S, iS, yi−1
0 )

)

≤ dEH

(
k − 1

k
V ′((k − 1)S, y0) +

1

k
Vh((k − 1)S, kS, yk−1

0 ),
1

k

k∑
1

Vh((i− 1)S, iS, yi−1
0 )

)

+

(
1

k

)
cνh(S)(1 + E[||y0||α])

≤ dEH

(
k − 1

k
V ′((k − 1)S, y0),

k − 1

k

1

k − 1

k−1∑
1

Vh((i− 1)S, iS, yi−1
0 )

)

+

(
1

k

)
cνh(S)(1+E[||y0||α]) ≤

(
k − 1

k

)
cνh(S)(1+E[||y0||α])+

(
1

k

)
cνh(S)(1+E[||y0||α])

= cνh(S)(1 + E[||y0||α]).

This proves the validity of the estimate (6.36).
The elements of Vh((i− 1)S, iS, yi−1

0 ), i = 1, 2, . . . , k, are mutually independent
and, by (6.6),

E[||ζ||2] ≤ c2h ∀ζ ∈ Vh((i− 1)S, iS, yi−1
0 ), i = 1, 2, . . . , k.
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Hence, one can use Proposition 3.5 and the fact that E[Vh((i − 1)S, iS, yi−1
0 )] =

E[Vh(S, y0)] to obtain

dEH

(
1

k

k∑
1

Vh((i− 1)S, iS, yi−1
0 ),

1

k

k∑
1

E[Vh((i− 1)S, iS, yi−1
0 )]

)

= dEH

(
1

k

k∑
1

Vh((i− 1)S, iS, yi−1
0 ),

1

k

k∑
1

E[Vh(S, y0)]

)
≤ ch√

k
.

The last estimate along with (6.35) and (6.33) imply (6.24).
Corollary 6.6. For any y0 with the probability distribution from the class

(C,α),

dH(E[V ′
h(kS, y0)], Vh) ≤ c̄h

k
+ 2c(1 + C)νh(S)(6.38)

if W-h-AC is satisfied and

dEH(V ′
h(kS, y0), Vh) ≤ ch√

k
+

c̄h
k

+ 2c(1 + C)νh(S)(6.39)

if S-h-AC is satisfied.
Proof. The estimates follow from (6.19), (6.23) and (6.19), (6.24), respec-

tively.
Lemma 6.7. For any y0 with the probability distribution from the class (C,α),

sup
ζ∈Vh

d(ζ, E[Vh(S, y0)]) ≤ ν1
h(S), lim

S→∞
ν1
h(S) = 0(6.40)

if W-h-AC is satisfied, and

sup
ζ∈Vh

dE(ζ, Vh(S, y0)) ≤ ν2
h(S), lim

S→∞
ν2
h(S) = 0(6.41)

if S-h-AC is satisfied.
Proof. Using (6.9) with S′′ = S and S′ = �S 1

2 �S 1
2 , one can obtain

dH(E[Vh(�S 1
2 �S 1

2 , y0)], E[Vh(S, y0)]) ≤
2ch

S
1
2

,(6.42)

where �S 1
2 � stands for the integer part of S

1
2 . Hence,

sup
ζ∈Vh

d(ζ, E[Vh(S, y0)]) ≤ sup
ζ∈Vh

d(ζ, E[Vh(�S 1
2 �S 1

2 , y0)]) +
2ch

S
1
2

.(6.43)

From (6.22) and (6.38) (with the replacement of S by S
1
2 and the replacement of k

by �S 1
2 �) it follows, on the other hand, that

sup
ζ∈Vh

d(ζ, E[Vh(�S 1
2 �S 1

2 , y0)]) ≤ sup
ζ∈Vh

d(ζ, E[V ′
h(�S 1

2 �S 1
2 , y0)])

≤ dH(E[V ′
h(�S 1

2 �S 1
2 , y0)], Vh) ≤ c̄h

�S 1
2 �

+ 2c(1 + C)νh(S
1
2 )

This and (6.43) imply (6.40) with ν1
h(S)

def

= 2ch

S
1
2

+ c̄h


S
1
2 �

+ 2c(1 + C)νh(S
1
2 ).
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To establish (6.41), one can use (6.8) and obtain, similarly to (6.42), that

dEH(Vh(�S 1
2 �S 1

2 , y0), Vh(S, y0)) ≤
2ch

S
1
2

,

⇒ sup
ζ∈Vh

dE(ζ, Vh(S, y0)) ≤ sup
ζ∈Vh

dE(ζ, Vh(�S 1
2 �S 1

2 , y0)]) +
2ch

S
1
2

.(6.44)

By (6.22) and (6.39) (with S being replaced by S
1
2 and k by �S 1

2 � as above),

sup
ζ∈Vh

dE(ζ, Vh(�S 1
2 �S 1

2 , y0)) ≤ sup
ζ∈Vh

dE(ζ, V ′
h(�S 1

2 �S 1
2 , y0))

≤ dEH(V ′
h(�S 1

2 �S 1
2 , y0), Vh) ≤ ch√

�S 1
2 �

+
c̄h

�S 1
2 �

+ 2c(1 + C)νh(S
1
2 ).

This and (6.44) imply (6.41) with ν2
h(S) being equal to the sum of 2ch

S
1
2

and the right-

hand side of the last inequality.
Proof of Theorem 3.2. By (6.19),

supζ∈E[Vh(S,y0)]d(ζ, Vh) ≤ supζ∈coE[Vh(S,y0)]d(ζ, Vh) ≤ dH(coE[Vh(S, y0)], Vh)

≤ c(1 + C)νh(S).

Comparing this estimate and (6.40), one obtains (3.14) with νC,α
h (S)

def

= max{c(1 +
C)νh(S), ν1

h(S)}.
Proof of Theorem 3.4. The statement (i) of the theorem is established by (6.41),

with ν̃C,α
h (S)

def

= ν2
h(S). Let us prove the statement (ii). Assume it is not true. Then

there exists a number δ > 0, and sequences μl ∈ M and Sl, l = 1, 2, . . . , (Sl → ∞ as
l → ∞) such that, for any μ′ ∈ M(Sl, y0),

E[ρ(μl, μ
′)] =

∞∑
i=1

2−iE

[∣∣∣∣
∫

fi(u, y)μl(du, dy) −
∫

fi(u, y)μ
′(du, dy)

∣∣∣∣
]

≥ δ(6.45)

⇒
N∑
i=1

2−iE[|
∫

fi(u, y)μl(du, dy) −
∫

fi(u, y)μ
′(du, dy)|] ≥ δ

2
∀μ′ ∈ M(Sl, y0)

for N large enough. Hence, for any μ′ ∈ M(Sl, y0),

E

⎡
⎣
√√√√ N∑

i=1

∣∣∣∣
∫

fi(u, y)μl(du, dy) −
∫

fi(u, y)μ′(du, dy)

∣∣∣∣
2
⎤
⎦ ≥ cNδ

2
, cN = const.

(6.46)

Let h(u, y) be defined by (3.1) with j = N and let ζl
def

=
∫
h(u, y)μl(du, dy); by (3.17),

ζl ∈ Vh. Also, by (3.6), Vh(Sl, y0) is the union of all ζ ′
def

=
∫
h(u, y)μ′(du, dy) over

μ′ ∈ M(Sl, y0). The estimate (6.46) is equivalent, thus, to

E[||ζl − ζ ′||] ≥ cNδ

2
∀ζ ′ ∈ Vh(Sl, y0) ⇔ dE(ζl, Vh(Sl, y0)) ≥

cNδ

2
.

The latter contradicts (6.41).
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Proof of Theorem 3.3. Let Assumption 1 and W-h-AC be satisfied for any h(·) as
in (3.1). Then, by Theorem 3.2, for any such h(·) and any initial condition y0 with
the probability distribution from the class (C,α), there exists a convex and compact
set Vh such that (3.14) is satisfied. From Corollary 3.7 in [28] (see also Theorem 3.1(i)
in [27] and more general results in [7]) it follows that

ρH(E[M(S, y0)],M̄) ≤ νC,α(S)(6.47)

for some νC,α(S) tending to zero as S tends to infinity, where

M̄ def

= {μ ∈ P(U × R̄m) |
∫

h(u, y)μ(du, dy) ∈ Vh ∀h(u, y) as in (3.1)}.

It is easy to verify that the set M̄ is convex and compact. Hence, the estimate (3.15)
will be established if one shows that M = M̄. Since, by definition, M ⊂ M̄, it is
enough to show that M̄ ⊂ M.

For N = 1, 2, . . . , let YN
def

= {y ∈ Rm | ||y|| ≤ N} and Y c
N

def

= {y ∈ Rm | ||y|| > N}.
By (2.8) and (2.10), for any μ ∈ E[M(S, y0)], there exists an admissible control u(·)
and the corresponding solution y(·) of the CSDE (2.4) such that

μ(U × Y c
N ) =

1

S

∫ S

0

E[χY c
N

(y(τ))]dτ ≤ 1

Nα

1

S

∫ S

0

E[χY c
N

(y(τ)) ||y(τ)||α]dτ,

where χY c
N

(y(τ)) is the indicator function of Y c
N . Hence, using Assumption I and the

fact that y0 has the probability distribution from the class (C,α), one obtains that,
for any μ ∈ E[M(S, y0)],

μ(U × Y c
N ) ≤ 1

Nα

1

S

∫ S

0

E[||y(τ)||α]dτ ≤ 1

Nα
c1(C + 1)

⇒ μ(U × YN ) ≥ 1 − 1

Nα
c1(C + 1).

Take an arbitrary μ ∈ M̄. By (6.47), there exists a sequence μi ∈ E[M(Si, y0)] (Si

tends to infinity as i tends to infinity) such that

lim
i→∞

ρ(μi, μ) = 0 ⇒ μ(U × YN ) ≥ lim sup
i→∞

μi(U × YN ) ≥ 1 − 1

Nα
c1(C + 1)

⇒ μ(U ×Rm) = 1.

The latter implies that μ ∈ M and, hence, M̄ ⊂ M.
Using the second representation for E[Vh(S, y0)] in (3.7), it is straightforward to

verify that the validity of (3.15) implies the validity of (3.14) with Vh as in (3.17) for
any h(·) as in (3.1). The fact that W-h-AC is satisfied for any such h(·) follows now
from Theorem 3.2.

7. Proofs for sections 4. Proof of Theorem 4.2. Assume that (4.6) is not
valid. Then there exist a number δ > 0 and initial conditions y0 with the probability
distribution from the class (C,α) such that, for some Si, limi→∞ Si = ∞, and some
μi ∈ M(Si, y0),

E[ inf
μ′∈D

ρ(μi, μ
′)] ≥ δ i = 1, 2, . . . , ⇒ E[ inf

μ′∈D
ρ(μ∗, μ′)] ≥ δ,(7.1)
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where it is assumed (without loss of generality) that μi → μ∗ in law as i → ∞. From
the fact that μi ∈ M(Si, y0) it follows that there exist an admissible control ui(·)
and the corresponding solution yi(·) of the CSDE (2.4) (with the initial conditions
yi(0) = y0) such that μi is the occupational measure of the pair (ui(·), yi(·)) on the
interval [0, Si] (see (2.6)). Hence, for any f ∈ D

1

Si
(f(yi(S) − f(y(0))) =

∫
U×R̄m

(Lf)(u, y)μi(du, dy)

+
1

Si

∫ Si

0

〈∇f(yi(τ)), b(yi(τ))dW (τ)〉,

where, in order for the integration in the first term of the right-hand side to be
legitimate, the definition of (Lf) : U×Rm → R1 (see (4.1) above) is formally extended

to (Lf) : U × R̄m → R1 by setting (Lf)(·,∞)
def

= 0.
The left-hand side and the variance of the second term on the right-hand side of

the above expression tend to zero as Si → ∞ (this can be easily derived from the
fact that the probability distribution of y0 belongs to the class (C,α) and from that
Assumption 1 is satisfied with α ≥ 2). Hence, the first term on the right-hand side
tends to zero in law.

By Skorohod’s theorem (see, e.g., [15, p. 23]), there exist P(U × R̄m)-valued
random variables μ̃i and μ̃∗ defined on a common probability space such that they
agree in law with μi and μ∗, respectively, and such that

lim
i→∞

ρ(μ̃i, μ̃
∗) = 0 a.s.(7.2)

⇒ lim
i→∞

∫
U×R̄m

(Lf)(u, y)μ̃i(dxdu) =

∫
U×R̄m

(Lf)(u, y)μ̃∗(du, dy) a.s.

⇒
∫
U×R̄m

(Lf)(u, y)μ̃∗(du, dy) = 0 a.s. ⇒
∫
U×R̄m

(Lf)(u, y)μ∗(du, dy) = 0 a.s.

Since D is countable, the last expression is valid for all f ∈ D outside a common zero
probability set. Hence, if one establishes that μ∗ ∈ P(U ×Rm) a.s., it will follow that
μ∗ ∈ D a.s. and, thus, it will contradict (7.1).

To complete the proof of the theorem, one needs to show now that μ∗ ∈ P(U×Rm)
a.s. That is, one needs to show that

μ∗(U ×Rm) = 1 a.s.(7.3)

From Assumption 1 it follows that, for any δ > 0, there exists a compact set Yδ ⊂ Rm

such that

E[μ̃i(U × Yδ)] = E[μi(U × Yδ)] ≥ 1 − δ,

where it is also taken into account that μ̃i and μi agree in law. By (7.2),

μ̃∗(U × Yδ) ≥ lim sup
i→∞

μ̃i(U × Yδ) a.s.

⇒ E [μ̃∗(U × Yδ)] ≥ E[lim sup
i→∞

μ̃i(U × Yδ)] ≥ lim sup
i→∞

E[μ̃i(U × Yδ)] ≥ 1 − δ.
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Since μ∗ and μ̃∗ agree in law,

E[μ̃∗(U × Yδ)] = E[μ∗(U × Yδ)] ⇒ E[μ∗(U × Yδ)] ≥ 1 − δ.

Since δ can be arbitrary small, the latter implies that E[μ∗(U × Rm)] = 1 which, in
turn, implies the validity of (7.3). This completes the proof of the theorem.

Proof of Theorem 4.1(i). It can be easily verified that ρ(μ,D) is a convex function
of μ. Hence, by (4.6),

ρ(E[μ], D) ≤ E[ρ(μ,D)] ≤ ν̄(C,α)(S) ∀μ ∈ M(S, y0)

⇒ sup
μ∈E[M(S,y0)]

ρ(μ,D) ≤ ν̄(C,α)(S).

Since the above estimate is uniform with respect to the initial conditions y0 which
have the probability distribution from the class (C,α), it follows that

sup
{y0}∈(C,α)

{
sup

μ∈E[M(S,y0)]

ρ(μ,D)

}
≤ ν̄(C,α)(S).

In Lemma 7.1 below it is shown that

sup
μ∈D

ρ

⎛
⎝μ,

⋃
{y0}∈(C,α)

E[M(S, y0)]

⎞
⎠ = 0.(7.4)

These imply (4.4).
Lemma 7.1. The equation (7.4) is valid if the conditions of Theorem 4.1 are

satisfied.
Proof. For any h(·) as in (3.1), define the set Dh by

Dh
def

=
⋃
μ∈D

{∫
h(u, y)μ(du, dy)

}
.(7.5)

As follows from Lemma 3.5 in [28], the validity of (7.4) will be established if one shows
that

sup
v∈Dh

d

⎛
⎝v,

⋃
{y0}∈(C,α)

{E[Vh(S, y0)]}

⎞
⎠ = 0.(7.6)

Take an arbitrary element v ∈ Dh. By definition, there exists μ ∈ D such that
v =

∫
h(u, y)μ(du, dy). From results in [13] and [49] it follows that there exists m-

dimensional standard Brownian motion W ′(·) and a stationary P(U) × Rm - valued
random process (λ′(τ), y′(τ)) such that

dy′(τ) = ã(λ′(τ), y′(τ))dt + b(y′(τ))dW ′(τ), ã(λ, y)
def

=

∫
a(u, y)λ(du),(7.7)

and

E

[∫
h(u, y′(τ))λ′(τ)(du)

]
=

∫
h(u, y)μ(du, dy) = v ∀τ ≥ 0,(7.8)
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E[||y′(τ)||α] =

∫
||y||αμ(du, dy) ≤ c2 ∀τ ≥ 0,(7.9)

with W ′(·) being independent of y′(0) and λ′(·) being nonanticipative (i.e., for τ̄ >
τ,W ′(τ̄)−W ′(τ) is independent of {y′(0) and W ′(θ), λ′(θ), θ ≤ τ}); (c2 is the constant
from Assumption 2). Using Filippov type chattering lemma for CSDE (see, e.g., [14,
p. 15]), one can establish that there exists a sequence of admissible controls ui(·)
and the corresponding sequence of solutions yi(·) of the CSDE (2.4) (considered with
W ′(·) instead of W (·)) such that yi(0) = y′(0) and such that

lim
i→∞

E

[∥∥∥∥∥ 1

S

∫ S

0

h(ui(τ), yi(τ))dτ − 1

S

∫ S

0

∫
h(u, y′(τ))λ′(τ)(du)dτ

∥∥∥∥∥
]

= 0.(7.10)

From (7.8) and (7.10) it follows that

lim
i→∞

∥∥∥∥∥E
[

1

S

∫ S

0

h(ui(τ), yi(τ))dτ

]
− v

∥∥∥∥∥ = 0.(7.11)

Since

E

[
1

S

∫ S

0

h(ui(τ), yi(τ))dτ

]
∈ E[Vh(S, y′(0))] ⊂

⋃
{y0}∈(C,α)

{E[Vh(S, y0)]}

(the last inclusion being due to the fact that, by (7.9), y′(0) has the probability
distribution from the class (C,α) with C ≥ c2), one can use (7.11) to obtain that

dist

⎛
⎝v,

⋃
{y0}∈(C,α)

{E[Vh(S, y0)]}

⎞
⎠ = 0.

As v is an arbitrary element of Dh, this implies (7.6).
The proofs of Corollaries 4.4 and 4.5 are based on the following result.
Lemma 7.2. A sequence μk ∈ P(U ×Rm), k = 1, 2, . . . , converges to μ ∈ P(U ×

Rm) in the metric ρ defined in (2.1) (that is, limk→∞ ρ(μk, μ) = 0) if and only if

lim
k→∞

∫
f(u, y)μk(du, dy) =

∫
f(u, y)μ(du, dy)

for any bounded continuous function f(u, y) : U ×Rm → R1.
Proof. follows from Theorem 2.1.1 in [15].
Proof of Corollary 4.4. By Assumption 2 (see (4.3)), for any μ ∈ D and N ≥ 1,

Nα−1

∫
||y||≥N

||y||μ(du, dy) ≤
∫
||y||≥N

||y||αμ(du, dy) ≤
∫

||y||αμ(du, dy) ≤ c2

∫
||y||≥N

||y||μ(du, dy) ≤ c2
Nα−1

∀μ ∈ D.(7.12)

Let ξN (θ) : [0,∞) → [0, 1] be a continuous function such that ξN (θ) = 1 for θ ∈ [0, N ]

and such that ξN (θ) = 0 for θ ∈ [N+1,∞). Let gN (u, y)
def

= g(u, y)ξN (||y||). According
to these definitions, gN (u, y) = g(u, y) for ||y|| ≤ N and also

||gN (u, y)|| ≤ ||g(u, y)||, ||gN (u, y)|| ≤ max
u∈U,||y||≤N

||g(u, y)|| ∀(u, y) ∈ U × Y.
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Due to the Lipschitz continuity of g(u, y),

||g(u, y)|| ≤ a1 + a2||y|| ⇒ ||gN (u, y)|| ≤ a1 + a2||y|| ∀y ∈ Rm,(7.13)

where ai = const, i = 1, 2. By (7.12), it is implied that∥∥∥∥
∫

g(u, y)μ(du, dy) −
∫

gN (u, y)μ(du, dy)

∥∥∥∥ ≤ a3

Nα−1
∀μ ∈ D, a3 = const.(7.14)

From (7.12) and (7.13) it follows that the set Vg is bounded. Let us prove that it is
closed by showing that, if μk ∈ D and the limit limk→∞

∫
g(u, y)μk(du, dy) exists, then

this limit belongs to Vg. Assume the above limit does exist. Due to the fact that D is
compact, one may also assume (without loss of generality) that limk→∞ ρ(μk, μ) = 0
for some μ ∈ D. By virtue of Lemma 7.2 and since gN (u, y) is bounded, the latter
leads to the equality limk→∞

∫
gN (u, y)μk(du, dy) =

∫
gN (u, y)μ(du, dy), which, in

turn, implies that

lim
k→∞

∥∥∥∥
∫

g(u, y)μk(du, dy) −
∫

g(u, y)μ(du, dy)

∥∥∥∥
≤ lim sup

k→∞

∥∥∥∥
∫

g(u, y)μk(du, dy) −
∫

gN (u, y)μk(du, dy)

∥∥∥∥
+ lim

k→∞

∥∥∥∥
∫

gN (u, y)μk(du, dy) −
∫

gN (u, y)μ(du, dy)

∥∥∥∥
+

∥∥∥∥
∫

gN (u, y)μ(du, dy) −
∫

g(u, y)μ(du, dy)

∥∥∥∥
≤ 2a3

Nα−1
⇒ lim

k→∞

∫
g(u, y)μk(du, dy) =

∫
g(u, y)μ(du, dy) ∈ Vg.

This proves that Vg is compact.
Let VgN (S, y0) and VgN be defined by (4.10) and (4.11) with the replacement of

g(·) by gN (·). By (7.14),

dH(VgN , Vg) ≤
a3

Nα−1
.(7.15)

Similarly to (7.12), from Assumption 1 it follows that, for any y0 having a probability
distribution from the class (C,α),

E

[ ∫
||y||≥N

||y||μ(du, dy)

]
≤ a4

Nα−1
∀μ ∈ M(S, y0)(7.16)

⇒ E

[∥∥∥∥
∫

g(u, y)μ(du, dy) −
∫

gN (u, y)μ(du, dy)

∥∥∥∥
]
≤ a5

Nα−1
∀μ ∈ M(S, y0)(7.17)

⇒ dEH(VgN (S, y0), Vg(S, y0)) ≤
a5

Nα−1
,(7.18)

where a4, a5 are positive constants. From (7.15) and (7.18) it follows that, to prove
(4.12), it is enough to prove that

sup
v∈VgN

(S,y0)

E[d(v, VgN )] ≤ νgN (S), lim
S→∞

νgN (S) = 0.(7.19)
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Assume it is not true. Then there exists δ > 0 and sequences Si, limi→∞ Si = 0, and
μi ∈ M(Si, y0 such that

E

[
d

(∫
gN (u, y)μi(du, dy), VgN

)]
≥ δ,(7.20)

with μi → μ∗ in law as i → ∞. Like in the proof of Theorem 4.2, let μ̃i and μ̃∗ be
P(U×Rm)-valued random variables defined on a common probability space such that
they agree in law with μi and μ∗, respectively, and such that (7.2) is satisfied. From
(7.2) and Lemma 7.2 it follows that

lim
i→∞

∫
gN (u, y)μ̃i(du, dy) =

∫
gN (u, y)μ̃∗(du, dy) ∈ VgN a.s.,

the last inclusion being implied by the fact that μ̃∗ ∈ D (which is established similarly
to the proof of Theorem 4.2). Hence, E[d(

∫
gN (u, y)μ̃∗(du, dy), VgN )] = 0. This

contradicts the following inequalities resulting from (7.20) and the fact that μ̃i and
μi agree in law:

E

[
d

(∫
gN (u, y)μ̃∗(du, dy), VgN

)]
= lim

i→∞
E

[
d

(∫
gN (u, y)μ̃i(du, dy), VgN

)]
≥ δ

Thus Corollary 4.4 is proved.
Proof of Corollary 4.5. By (7.15) and (7.18), to prove (4.12), it is sufficient to

prove that

sup
v∈VgN

dE(v, VgN (S, y0)) ≤ νgN (S), lim
S→∞

νgN (S) = 0.(7.21)

Assume it is not true. Then there exist a number δ > 0 and sequences μi ∈ D and
Si, i = 1, 2, . . . , (Si → ∞ as i → ∞) such that

E

[∥∥∥∥
∫

gN (u, y)μi(du, dy) −
∫

gN (u, y)μ(du, dy)

∥∥∥∥
]
≥ δ ∀μ ∈ M(Si, y0).(7.22)

From Theorem 3.4(ii) (see (3.19)) it follows that there exists μSi ∈ M(Si, y0), such
that

E[ρ(μi, μ
Si)] ≤ 2ν̃(C,α)(Si), lim

i→∞
ν̃(C,α)(Si) = 0.(7.23)

Without loss of generality, one may assume that μi → μ∗ and μSi → μ∗∗ in law.
Also, using Skorohod’s theorem, one can verify (similar to the way it is done in the
proof of Theorem 4.2) that there exist P(U ×Rm)-valued random variables μ̃i, ˜̃μi, μ̃

∗

and ˜̃μ
∗∗

defined on a common probability space such that they agree in law with
μi, μSi , μ∗ and μ∗∗ and such that, almost sure, μ̃i → μ̃∗, ˜̃μi → ˜̃μ

∗∗
. Note that

E[ρ(μ̃i, ˜̃μi)] = E[ρ(μi, μ
Si)] and, hence, by (7.23),

E[ρ(μ̃∗, ˜̃μ
∗∗

)] ≤ lim
i→∞

E[ρ(μ̃∗, μ̃i)] + lim sup
i→∞

E[ρ(μ̃i, ˜̃μi)] + lim
i→∞

E[ρ(˜̃μi, ˜̃μ
∗∗

)]

≤ lim
i→∞

2ν̃(C,α)(Si) = 0 ⇒ E[ρ(μ̃∗, ˜̃μ
∗∗

)] = 0 ⇒ μ̃∗ = ˜̃μ
∗∗

a.s.
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The latter implies (by virtue of Lemma 7.2) that

lim
i→∞

∫
gN (u, y)μ̃i(du, dy) = lim

i→∞

∫
gN (u, y)˜̃μi(du, dy) =

∫
gN (u, y)μ̃∗(du, dy) a.s.

⇒ 0 = lim
i→∞

E

[∥∥∥∥
∫

gN (u, y)μ̃i(du, dy) −
∫

gN (u, y)˜̃μi(du, dy)

∥∥∥∥
]

= lim
i→∞

E

[∥∥∥∥
∫

gN (u, y)μi(du, dy) −
∫

gN (u, y)μSi(du, dy)

∥∥∥∥
]
.

These equalities contradict (7.22) and, thus, prove the corollary.

8. Proofs for section 5.
Lemma 8.1. Let the assumptions of Theorem 5.1 be satisfied. Then any admis-

sible solution (yε(·), zε(·)) of the singularly perturbed CSDE (5.1) and (5.2) and any
admissible solution z(·) of the averaged CSDE (5.4) satisfy the inequalities

E[||yε(t)||4] ≤ L E[||zε(t)||4] ≤ L E[||z(t)||4] ≤ L ∀t ∈ [0, T ];(8.1)

E[||zε(t)−zε(θ)||2] ≤ L|t−θ| E[||z(t)−z(θ)||2] ≤ L|t−θ| ∀t, θ ∈ [0, T ],(8.2)

where L is a positive constant.
Proof. The proof follows a standard argument based on Lemma 4.12 in [40, p. 125]

and an application of the Gronwall–Bellman lemma.
Proof of Theorem 5.1(i). Let uε(t) be an admissible control and (yε(t), zε(t)) be

the solution of the singularly perturbed CSDE (5.1) and (5.2) obtained with this

control. Divide the interval [0, T ] by the points tl
def
= lΔ(ε), l = 0, 1, . . . , Nε, where

Δ(ε) is a function of ε such that

lim
ε→0

Δ(ε) = 0, lim
ε→0

Δ(ε)

ε
= ∞(8.3)

and Nε is the integer part of T
Δ(ε) . For l = 1, . . . , Nε, define a P(U × R̄m)-valued

random variable μ̄l by∫
fi(u, y)μ̄l(du, dy) =

1

Δ(ε)

∫ tl

tl−1

fi(u
ε(t), yε(t))dt =

1

Sε

∫ Sε

0

fi(ū(τ), ȳ(τ))dτ,(8.4)

where fi(u, y), i = 1, 2, . . . , are as in (2.7) and

(ū(τ), ȳ(τ))
def

= (u(tl−1 + ετ), y(tl−1 + ετ)), Sε
def

=
Δ(ε)

ε
.

The equations in (8.4) imply that μ̄l is the occupational measure generated on the in-
terval [0, Sε] by the control ū(τ) and the corresponding solution ȳ(τ) of the associated
system (2.4). Hence, by Theorem 4.2,

E[ρ(μ̄l, D)] ≤ ν̄(C,α)(Sε)
def

= ν(ε), lim
ε→0

ν(ε) = 0.(8.5)

For any μ′, μ′′ ∈ P(U × R̄m), let

ρ̂(μ′, μ′′)
def

= ρ(μ′, μ′′)+

( ∞∑
i=1

2−2i

∣∣∣∣
∫

fi(u, y)μ
′(du, dy) −

∫
fi(u, y)μ

′′(du, dy)

∣∣∣∣
2
) 1

2

(8.6)
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It is easy to see that ρ̂(·, ·) is a metric on P(U × R̄m) and that

ρ(μ′, μ′′) ≤ ρ̂(μ′, μ′′) ≤ 2ρ(μ′, μ′′) ∀μ′, μ′′ ∈ P(U × R̄m).(8.7)

The advantage of using ρ̂(·, ·) instead of ρ(·, ·) is that, for any μ, the solution of the
problem minμ′∈D ρ̂(μ, μ′), called the projection of μ onto D, is unique (this being
easily verifiable on the basis of the inequality ρ̂(μ, (1−λ)μ′ +λμ′′) < (1−λ)ρ̂(μ, μ′)+
λρ̂(μ, μ′′) ∀λ ∈ (0, 1)).

Let μl stand for the projection of μ̄l onto D. By (8.5) and (8.7),

E[ρ̂(μ̄l, μl)] = E[ρ̂(μ̄l, D)] ≤ 2ν(ε)(8.8)

Using (8.8) and slightly extending arguments in the proof of Corollary 4.5 (to take
into account the dependence on z), one can verify that, for any N > 0,

E[||g̃(μ̄l, z) − g̃(μl, z)||] ≤ νN (ε) ∀ z : ||z|| ≤ N, lim
ε→0

νN (ε) = 0.(8.9)

Also, it can be verified that the estimates (8.1) and Assumption 2 (with α = 4) imply
that

E[||g̃(μ̄l, z
ε(tl))||4] ≤ L1, E[||g̃(μl, z

ε(tl))||4] ≤ L1, L1 = const.(8.10)

as well as that

E[||g̃(μ̄l, z
ε(tl))||χN ] ≤ κ(N), E[||g̃(μl, z

ε(tl))||χN ] ≤ κ(N), lim
N→∞

κ(N) = 0,(8.11)

where χN is the indicator function of the event: ||zε(tl)|| > N (χ̄N below will stand
for the indicator function of ||zε(tl)|| ≤ N). From (8.9) and (8.11) it follows that

E[||g̃(μ̄l, z
ε(tl)) − g̃(μl, z

ε(tl))||] ≤ E[||g̃(μ̄l, z
ε(tl)) − g̃(μl, z

ε(tl))||χ̄N ]

+E[||g̃(μ̄l, z
ε(tl))||χN ] + E[||g̃(μl, z

ε(tl))||χN ] ≤ νN (ε) + 2κ(N),

which implies that there exists ν̂(ε), limε→0 ν̂(ε) = 0, such that

E[||g̃(μ̄l, z
ε(tl)) − g̃(μl, z

ε(tl))||] ≤ ν̂(ε).(8.12)

This estimate and (8.10) imply, in turn, that

E[||g̃(μl, z
ε(tl)) − g̃(μ̄l, z

ε(tl))||2]

≤
√
E[||g̃(μl, zε(tl)) − g̃(μ̄l, zε(tl))||]

√
E[||g̃(μl, zε(tl)) − g̃(μ̄l, zε(tl))||3]

≤ L2

√
ν̂(ε), L2 = const.

Thus, denoting ν̄(ε)
def

= L2

√
ν̂(ε), one obtains

E[||g̃(μl, z
ε(tl)) − g̃(μ̄l, z

ε(tl))||2] ≤ ν̄(ε), lim
ε→0

ν̄(ε) = 0.(8.13)

Now define the admissible control μ(t) of the averaged system as follows. On the
intervals [t0, t1) and [tNε

, T ], take μ(t) = μ (an arbitrary element of D). On any other
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interval [tl, tl+1), l = 1, 2, . . . , Nε − 1, take μ(t) = μl. Let z(t) be the solution of the
averaged system (5.4) obtained with the control μ(t). By definition, it satisfies

z(t) = z0 +

∫ t

0

g̃(μ(t′), z(t′))dt′ +

∫ t

0

σ(z(t′))dB2(t
′).

Subtracting this from

zε(t) = z0 +

∫ t

0

g(uε(t′), yε(t′), zε(t′))dt′ +

∫ t

0

σ(zε(t′))dB2(t
′),

one can obtain that

(8.14)

E[||zε(t) − z(t)||2] ≤ K

{
E

[∥∥∥∥
∫ t

0

g(uε(t′), yε(t′), zε(t′))dt′ −
∫ t

0

g̃(μ(t′), z(t′))dt′
∥∥∥∥

2
]

+

∫ t

0

E[||zε(t′) − z(t′)||]2dt′
}
,

where K is a positive constant. Let us evaluate the first term on the right-hand side
of (8.14). Let kt stand for the integer part of t

Δ(ε) (ktΔ(ε) ≤ t ≤ T ). Then

E

[∥∥∥∥
∫ t

0

g(uε(t′), yε(t′), zε(t′))dt′ −
∫ t

0

g̃(μ(t′), z(t′))dt′
∥∥∥∥

2
]

≤ K1

{
E

[∥∥∥∥∥
kt∑
l=1

∫ tl

tl−1

(g(uε(t′), yε(t′), zε(t′)) − g(uε(t′), yε(t′), zε(tl)))dt
′

+

kt∑
l=1

(g̃(μ̄l, z
ε(tl)) − g̃(μl, z

ε(tl)))Δ(ε) +

kt−1∑
l=1

(g̃(μl, z
ε(tl)) − g̃(μl, z(tl)))Δ(ε)

+

kt−1∑
l=1

∫ tl+1

tl

(g̃(μ(t′), z(tl)) − g̃(μ(t′), z(t′)))dt′

∥∥∥∥∥
2
⎤
⎦+ Δ(ε)

⎫⎬
⎭

≤ K2

⎧⎨
⎩E

⎡
⎣
∥∥∥∥∥

kt∑
l=1

∫ tl

tl−1

(g(uε(t′), yε(t′), zε(t′)) − g(uε(t′), yε(t′), zε(tl)))dt
′

∥∥∥∥∥
2
⎤
⎦

+E

⎡
⎣
∥∥∥∥∥

kt∑
l=1

(g̃(μ̄l, z
ε(tl)) − g̃(μl, z

ε(tl)))||2 + ||
kt−1∑
l=1

(g̃(μl, z
ε(tl)) − g̃(μl, z(tl)))

∥∥∥∥∥
2
⎤
⎦Δ2(ε)

+E

⎡
⎣
∥∥∥∥∥
kt−1∑
l=1

∫ tl+1

tl

(g̃(μ(t′), z(tl)) − g̃(μ(t′), z(t′)))dt′

∥∥∥∥∥
2
⎤
⎦+ Δ(ε)

⎫⎬
⎭ , K1,K2 = const.

(8.15)
Using Cauchy–Schwarz inequality (two times), one can obtain that

E

⎡
⎣
∥∥∥∥∥

kt∑
l=1

∫ tl

tl−1

(g(uε(t′), yε(t′), zε(t′)) − g(uε(t′), yε(t′), zε(tl)))dt
′

∥∥∥∥∥
2
⎤
⎦
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≤ kt

kt∑
l=1

E

⎡
⎣
∥∥∥∥∥
∫ tl

tl−1

(g(uε(t′), yε(t′), zε(t′)) − g(uε(t′), yε(t′), zε(tl)))dt
′

∥∥∥∥∥
2
⎤
⎦

≤ ktΔ(ε)

kt∑
l=1

∫ tl

tl−1

E
[
‖ g(uε(t′), yε(t′), zε(t′)) − g(uε(t′), yε(t′), zε(tl))‖2

]
dt′

≤ K3Δ(ε), K3 = const,(8.16)

where, to obtain the last inequality, it has been taken into account that g(u, y, z) satis-
fies Lipschitz conditions in z and also that, by (8.2), E[||zε(t′)−zε(tl)||2] ≤ LΔ(ε) ∀t′ ∈
[tl−1, tl]. Similarly, using Cauchy–Schwarz inequality and the fact that g̃(μ, z) satisfies
Lipschitz conditions in z as well as that E[||z(t′) − z(tl)||2] ≤ LΔ(ε) ∀t′ ∈ [tl, tl+1],
one can obtain that

E

⎡
⎣
∥∥∥∥∥
kt−1∑
l=1

∫ tl+1

tl

(g̃(μ(t′), z(tl)) − g̃(μ(t′), z(t′)))dt′

∥∥∥∥∥
2
⎤
⎦ ≤ K4Δ(ε), K4 = const.

(8.17)
Also, by (8.13),

E

⎡
⎣
∥∥∥∥∥

kt∑
l=1

(g̃(μ̄l, z
ε(tl)) − g̃(μl, z

ε(tl)))

∥∥∥∥∥
2
⎤
⎦Δ2(ε)

≤ kt

kt∑
l=1

E[||g̃(μ̄l, z
ε(tl)) − g̃(μl, z

ε(tl))||2]Δ2(ε) ≤ K5ν̄(ε), K5 = const,(8.18)

and, by (8.1) and (8.2),

E

⎡
⎣
∥∥∥∥∥
kt−1∑
l=1

(g̃(μl, z
ε(tl)) − g̃(μl, z(tl)))

∥∥∥∥∥
2
⎤
⎦Δ2(ε)

≤ kt

kt−1∑
l=1

E
[
‖g̃(μl, z

ε(tl)) − g̃(μl, z(tl))‖2
]
Δ2(ε) ≤ K6

kt−1∑
l=1

E[||zε(tl) − z(tl)||2]Δ(ε)

≤ K7

(∫ t

0

E[||zε(t′) − z(t′)||2]dt′ + Δ
1
2 (ε)

)
, K6,K7 = const.(8.19)

Substitution of (8.16)–(8.19) into (8.15) leads to

E

[∥∥∥∥
∫ t

0

g(uε(t′), yε(t′), zε(t′))dt′ −
∫ t

0

g̃(μ(t′), z(t′))dt′
∥∥∥∥

2
]

≤ K8

(∫ t

0

E[||zε(t′) − z(t′)||2]dt′ + ν̄(ε) + Δ
1
2 (ε)

)
, K8 = const.(8.20)

The latter, in turn, being substituted into (8.14) implies (with the help of a Gronwall–

Bellman lemma) the validity of (5.7) with ν̃(ε) = K9(ν̄(ε) + Δ
1
2 (ε)),K9 = const. The

validity of (5.8) follows from the Lipschitz continuity of G(z).
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Proof of Theorem 5.1(ii) (Outline). Let Sε = Δ(ε)
ε (as in the proof of Theo-

rem 5.1(i)) and let

ν(ε)
def

= ν̃(C,α)(Sε),(8.21)

where ν̃(C,α)(·) is the function from the estimate (4.8). Note that limε→0 ν(ε) = 0.

Let Jε be the integer part of ν−
1
2 (ε), which implies, in particular, that

lim
ε→0

Jε = ∞, lim
ε→0

(ν(ε)Jε) = 0.(8.22)

Using the fact that D is compact, one can show that, for any ε > 0, there exists a

finite subset Dε def

= {Υε
1, . . . ,Υ

ε
Jε} of D such that ρH(Dε, D) ≤ δ(ε), where δ(ε) is some

function tending to zero as ε tends to zero.
It can be verified (by standard applications of a Gronwall–Bellman lemma) that,

given a solution z′(t) of the averaged system (5.4) obtained with an arbitrary admis-
sible control μ′(t), there exists a piecewise constant admissible control μ(t):

μ(t) = μl ∈ Dε ∀t ∈ [tl−1, tl), l = 1, . . . , Nε(8.23)

such that the solution z(t) of the averaged system (5.4), obtained with the use of this
control, satisfies the inequality

max
t∈[0,T ]

E[||z′(t) − z(t)||2] ≤ κ(ε), lim
ε→0

κ(ε) = 0.

Let us show that corresponding to any solution z(t) of the averaged system (5.4)
obtained with a control (8.23), there exists an admissible control uε(t) the use of which
in the singularly perturbed CSDE (5.1) and (5.2) leads to the solution (yε(t), zε(t))
satisfying (5.7).

Take uε(t) = u (an arbitrary element of U) on the intervals [0, t1) and [tNε
, T ] and

denote by (yε(t), zε(t)) the solution of (5.1) and (5.2) on the interval [0, t1] obtained
with this control.

From Corollary 4.3 (see (4.8) and the notation (8.21)) it follows that there exist
random variables Ῡε

j ∈ M(Sε, y
ε(t1)) such that

E[ρ2(Ῡε
j ,Υ

ε
j)]

2
≤ E[ρ(Ῡε

j ,Υ
ε
j)] ≤ ν(ε), j = 1, . . . , Jε,(8.24)

where the left inequality is obtained by taking into account that ρ(·,·)
2 ≤ 1 (see (2.1))

and, hence, ρ2(·,·)
2 ≤ ρ(·, ·). Define μ̄1 by

μ̄1
def

=

Jε∑
j=1

Ῡε
jχ(μ1 = Υε

j),(8.25)

where χ(A) is the indicator function of the “event A.” By (8.24),

E[ρ(μ̄1, μ1)] =

Jε∑
j=1

E[ρ(Ῡε
j ,Υ

ε
j)χ(μ1 = Υε

j)]

≤
Jε∑
j=1

√
E[ρ2(Ῡε

j ,Υ
ε
j)]
√

E[χ(μ1 = Υε
j)] ≤

√
2ν(ε)

Jε∑
j=1

√
E[χ(μ1 = Υε

j)]



ON EXISTENCE OF LIMIT OCCUPATIONAL MEASURES SET 1471

≤
√

2ν(ε)
√
Jε

√√√√ Jε∑
j=1

E[χ(μ1 = Υε
j)] =

√
2ν(ε)

√
Jε

def

= ν∗(ε).(8.26)

Note that, as follows from (8.22), limε→0 ν
∗(ε) = 0.

The fact that Ῡε
j is an element of M(Sε, y

ε(t1)) implies that there exists an
admissible control ūε

j(τ) and the corresponding solution ȳεj(τ) of the associated system
with ȳεj(0) = yε(t1) such that the occupational measure generated by this pair on the

interval [0, Sε] coincides with Ῡj . That is,

1

Sε

∫ Sε

0

fi(ū
ε
j(τ), ȳεj(τ))dτ =

∫
fi(u, y)Ῡj(du, dy) ∀i = 1, 2, . . . .(8.27)

Now take

uε(t)
def

=

Jε∑
j=1

ūε
j

(
t− t1
ε

)
χ(μ1 = Υε

j) ∀t ∈ [t1, t2)

and, using this control, extend the solution (yε(t), zε(t)) of the CSDE (5.1) and (5.2)

to the interval [t1, t2]. By construction, yε(t) =
∑Jε

j=1 ȳ
ε
j(

t−t1
ε )χ(μ1 = Υε

j) and also
(see (8.25) and (8.27))

1

Δ(ε)

∫ t2

t1

fi(u
ε(t), yε(t))dt =

Jε∑
j=1

(
1

Sε

∫ Sε

0

fi(ū
ε
j(τ), ȳεj(τ))dτ

)
χ(μ1 = Υε

j)

=

Jε∑
j=1

(∫
fi(u, y)Ῡ

ε
j(du, dy)

)
χ(μ1 = Υε

j) =

∫
fi(u, y)μ̄1(du, dy) ∀i = 1, 2, . . . .

Continuing in a similar fashion, one can define an admissible control uε(t) and the
corresponding solution (yε(t), zε(t)) of the CSDE (5.1) and (5.2) such that, on any
interval [tl, tl+1), l = 1, . . . , Nε − 1,

1

Δ(ε)

∫ tl+1

tl

fi(u
ε(t), yε(t))dt =

∫
fi(u, y)μ̄l(du, dy) ∀i = 1, 2, . . . ,(8.28)

where μ̄l satisfy the inequalities

E[ρ(μ̄l, μl)] ≤ ν∗(ε) ∀l = 1, . . . , Nε − 1,(8.29)

with ν∗(ε) being as in (8.26).

Using arguments similar to the proof of Corollary 4.5, one can verify that (8.29)
implies the validity of (8.9) which, in turn, implies the validity of (8.12) and (8.13).
The latter leads to the estimate similar to (8.20), which, being substituted into (8.14),
leads to (5.7). Due to the Lipschitz continuity of G(z), one can easily derive now that
lim supε→0 G

∗
ε ≤ G∗

av, which, along with (5.8), implies (5.9).
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