SIAM J. CONTROL OPTIM. (© 2006 Society for Industrial and Applied Mathematics
Vol. 44, No. 6, pp. 2006-2037

LINEAR PROGRAMMING APPROACH TO DETERMINISTIC
LONG RUN AVERAGE PROBLEMS OF OPTIMAL CONTROL*
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Abstract. We establish that deterministic long run average problems of optimal control are
“asymptotically equivalent” to infinite-dimensional linear programming problems (LPPs) and we
establish that these LPPs can be approximated by finite-dimensional LPPs, the solutions of which
can be used for construction of the optimal controls. General results are illustrated with numerical
examples.
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1. Introduction and description of the problems. In this paper we show
that, under some conditions, deterministic long run average problems of optimal
control are “asymptotically equivalent” to infinite-dimensional linear programming
problems (LPPs) and we establish that these LPPs can be approximated by finite-
dimensional LPPs, the solutions of which can be used for numerical construction of
the optimal controls.

Infinite horizon problems of optimal control have been studied intensively in both
deterministic and stochastic settings (see Anderson and Kokotovic [3], Arisawa, Ishii,
and Lions [5], Bardi and Capuzzo-Dolcetta [10], Bensoussan [12], Carlson, Haurie,
and Leizarowitz [14], Colonius and Kliemann [17], Fleming and Soner [21], Griine [29],
Kushner [34], Kushner and Dupuis [35], Vigodner [46], and references therein). In the
stochastic setting, the linear programming formulation is a common tool for treating
the problems (see, e.g., Basak, Borkar, and Ghosh [11], Borkar [13], Hernandez-Lerma
and Lasserre [31], Stockbridge [44], Yin and Zhang [48]). Finite-dimensional approx-
imations of LPPs arising in stochastic optimal control problems were considered by
Helmes and Stockbridge [30] and by Mendiondo and Stockbridge [38]. A linear pro-
gramming approach to long run average optimal control problems in the deterministic
setting appears to be new and, to the best of our knowledge, there are no publications
devoted to this topic (under different assumptions and for a different problem, a linear
programming formulation was discussed in Evans and Gomes [20]). A linear program-
ming approach to deterministic optimal control problems on a finite time interval has
been studied in Rubio [42].

Let us introduce the problems that we will be dealing with. Consider the control
system

(1) u(r) = flu(r),y(r)), 7€[0,5],
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where the function f(u,y) : UxR™ — R™ is continuous in (u, y) and satisfies Lipschitz
conditions in y; the controls are Lebesgue measurable functions u(7) : [0, 5] — U and
U is a compact metric space.

A pair (u(7),y(7)) is called admissible on the interval [0,.5] if (1) is satisfied for
almost all 7 € [0,5] and y(r) € Y Vr € [0, 5], where Y is a given compact subset of
R™. The pair is called admissible on [0, c0) if it is admissible on any interval [0, S],
S>0.

Let g(u,y) : U x R™ — R! be a continuous function. We will be considering the
asymptotics of the optimal control problem

1 s def
2 — inf /guT,yT dr = G(S5),
) 5ot [ gt utr)ir = 6s)
where inf is over all admissible pairs on the interval [0, S]. Along with (2), we will be
referring to the infinite time horizon optimal control problem

def

1 S
3 inf lim—/ u().y(r)dr G,
o (w(-)y()) S—oo S Jo g(u(7),y(7))

where inf is over all admissible pairs on the interval [0, c0) such that the limit in the
above expression exists. If this inf is sought over the periodic admissible pairs only,
that is, over the pairs such that

(4) (u(r),y(1)) = (u(T +T),y(r +T)) V7 = 0

for some T" > 0, then (3) becomes equivalent to a so-called periodic optimization
problem (see, e.g., Colonius [15])

1 7 def
5 inf = g(u(r),y(r))dT = Gper,
() Wi T (u(7), y(7)) p
where inf is over the length of the time interval T" and over the admissible pairs defined
on [0,T] which satisfy the periodicity condition y(0) = y(T).
A very special family of admissible pairs on [0, 00) is that consisting of constant
valued controls and corresponding steady state solutions of (1):

6)  (u(r),y(n) = (uy) € ME{(uy)]| (uy) €U xY, flu,y) =0}

If inf is sought over the admissible pairs from this family, the problem (3) is reduced
to

def

7 inf u,y) = Ggs,

(7) (wm)EM 9(u,y) ss
which is called a steady state optimization problem. It is easy to see that the optimal
values of the above introduced problems satisfy the inequalities

(8) mS—)ooc;((s) < Goo SGper < Gss~

The approach that we are developing in the paper is based on a reformulation
of problem (2) as the problem of minimization over the set of occupational measures
generated on the interval [0, S] by the admissible pairs of (1) and on the fact that this
set is proven to converge (as S — 00) to a set of probability measures characterized by
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linear constraints (as has been recently established in [26]). Note that it is the presence
of this convergence that constitutes the main difference between our approach and a
linear programming approach to deterministic optimal control problems on a finite
time interval developed by Rubio [42].

Note also in conclusion that results obtained in the paper have a potential for
applications in asymptotic and numerical analysis of singularly perturbed control
systems (SPCS), which have been the focus of many researchers (see Alvarez and
Bardi [1, 2], Artstein [6, 7], Colonius and Fabbri [16], Donchev and Dontchev [19],
Gaitsgory [26], Grammel [28], Kabanov and Pergamenshchikov [32], Leizarowitz [36],
Naidu [39], and Quincampoix and Watbled [41] for the most recent developments and
also for references to earlier results in the area). One such application follows directly
from the fact that tending S to infinity in problem (2) is equivalent to tending e to
zero in the problem

def

1
(9) it [ gt )= 6o
(ue()w<()) Jo
considered on the admissible pairs (u€(-),y(:)) € U x Y of the SPCS

€

(10) A (ORI O]

where (9) and (10) are obtained from (2) and (1) with ed;f% and with ¢t = 7e, u®(t) =
u(%),y(t) = y(%). By formally taking € = 0 in (9)—(10), one obtains the so-called
reduced problem, which proves to be equivalent to the steady state optimization
problem (7). This implies that the statement about the validity of the equality
lim._,o G(€) = G(0), which can be interpreted as a weak version of Tichonov’s theorem
for the SPCS under consideration, is true only if the “less than or equal to” inequali-
ties in (8) are satisfied as exact equalities. More elaborate connections between SPCS
and long run average problems of optimal control implying the applicability of results
of this paper in dealing with SPCS have been established in Alvarez and Bardi [1, 2],
Artstein and Gaitsgory [8], and Gaitsgory [24, 25]; different, Tichonov-theorem-type
results can be found in Kokotovic, Khalil, and O’Reilly [33], O’Malley [40], and Veliov
[45].

The paper is organized as follows. In section 2, we give the occupational measures
formulation of problem (2). In section 3, we show that, as S tends to infinity, the
set of occupational measures converges to the set of probability measures with linear
constraints, and we introduce the infinite-dimensional LPP defined on this set, which
determines the asymptotics of problem (2) (Propositions 2 and 5, Corollaries 3 and 6).
In section 4, we establish that the infinite-dimensional LPP can be approximated by a
finite-dimensional LPP (Propositions 7 and 9). In section 5, we discuss the possibility
of using the solution of the latter to construct an approximation to the solution of the
periodic optimization problem (5) and we also illustrate the idea of the construction
with two numerical examples. The proofs for sections 3, 4, and 5 are given in section 6.

2. Occupational measures formulation. Let P(U x Y) stand for the space
of probability measures defined on the Borel subsets of U x Y. Given an arbitrary ad-
missible (on the interval [0, S]) pair (u(7),y(T)), one can define a probability measure
7)) € P(U x Y) by taking

def 1

(11) A OO (Q) = gmeas {7‘ | (u(),y(7)) € Q}
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for any Borel Q C U x Y, where meas {-} stands for the Lebesgue measure on [0, S].
Such a probability measure is called the occupational measure generated by the pair
(u(7),y(7)). Note that the occupational measure generated by a steady state admis-
sible pair (u(7),y(7)) = (u,y) € M (as in (6)) is just the Dirac measure at (u,y).

It is easy to see that (11) is equivalent to the equality

S
12 [ xelwun OOy = g [ xotu).um)ar

where x¢(+) is the indicator function of the set Q: xg(u,y) =1 V(u,y) € Q and
xo(u,y) =0 VY(u,y) ¢ Q. The validity of (12) for any indicator function leads to
the validity of a similar equality for the simple functions (that is, linear combinations
of the indicator functions) and, thus, with the help of a standard approximation
argument, leads to the validity of the equality

S
(13) | atwn OOy = 5 [ atutr)umar

for any continuous function q(u,y) : U x R™ — R

Denote by I'(S) € P(U xY) the set of all occupational measures generated by the
admissible pairs on the interval [0,.S]. Using this notation and (13), one can rewrite
problem (2) in the equivalent form

(14) [ st = 6()

In what follows, the convergence properties of G(.S) (as S tends to infinity) are estab-
lished on the basis of the corresponding convergence properties of I'(S). To describe
these convergence properties, let us introduce a metric p on P(U x Y') as follows:

(15) Zzi /U u, y)y' (du, dy) — /U qu'(%y)’y”(du,dy)

V', 4" € P(U xY), where ¢;(-),j = 1,2,... , is a sequence of Lipschitz continuous
functions which is dense in the unit ball of C(U xY) (the space of continuous functions
on U x Y). Note that this metric is consistent with the weak convergence topology
of P(U x Y). Namely, a sequence v* € P(U x Y) converges to v € P(U x Y) in this
metric if and only if

(16) lim q(u, y)y* (du, dy) = / q(u, y)y(du, dy)
k=00 Juxy UxY

for any continuous q(u,y) : U xY — R!. Note also that, the space P(U x Y) is known
to be compact in its weak convergence topology and, hence, being equipped with the
metric (15), it becomes a compact metric space.

Using the metric p, one can define the “distance” p(v,T) between v € P(U x Y)
and ' C P(U xY') and define the Hausdorfl metric pg (I'1, ') between I'; € P(U XY)
and I's C P(U x Y) as follows:

(17)

def e
p(v,T) = l,nf pr(v,7),  pu(T1,T2) = maX{sup p(7v,I2), sup p(%Fl)}
er v€Ty YET,
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The following simple lemma is implied by the definitions above.

LEMMA 1. Let T be a subset of P(U x Y).

(1) If limgs—co Sup,er(sy (7, I') = 0, then, for any continuous q(u,y) : U X Y —
Rl

)

limg_,, inf q(u,y)y(du,dy) > inf q(u, y)y(du, dy).
YeT(S) Juxy 7€l Juxy

(i) If limg— oo pu (T'(S),T) =0, then

lim inf u, du,dy) = inf/ u, du, dy).
sﬁmep(s)/UXYQ( y)y(du,dy) = inf nyq( y)v(du, dy)

Proof. The proof is obvious. ]
3. Infinite-dimensional LPPs. Define the set W C P(U xY) by the equation

(18)

W= {y: yeP(UXY); /U Y(¢’(y))Tf(u,y)v(du7 dy) =0 Ve() € C'},

where C! is the space of continuously differentiable functions ¢(y) : R™ — R! and
¢'(y) is a vector column of partial derivatives (the gradient) of ¢(y).

Note that the set W can be empty. It is easy to see, for example, that W is empty
if there exists a continuously differentiable function ¢(-) € C! such that

(19) (uygleagxy@'(y))Tf(u, y) <0.

The set W is not empty if the set of steady state or periodic admissible pairs is
not empty since the occupational measure generated by each such pair is contained
in W. In fact, let (u(-),y(-)) be a periodic admissible pair (that is, (4) is satisfied
with some positive T') and let v(*():¥()) be the occupational measure generated by
this pair on the interval [0,T]. Then, by (13),

1

T
[ @) O udy) = 1 [ @) Hulr) ()
UXxY 0

_ @) =WO) ) ysyect o 4080 e

PROPOSITION 2. If the set W is empty, then there exists So > 0 such that T'(S)
is empty for S > Sy. If T'(S) is not empty for S > 0, then W is not empty and

(20) lim sup p(vy,W)=0.
5700 yer(s)

Proof. The proof is similar to the corresponding part of the proof of Theo-
rem 2.1(i) in [26]. For the sake of completeness, we have displayed it in section 6. ad
Assume that W is not empty and consider the problem

(21) min g(u, y)v(du, dy) = G*,
YEW Juxy
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where g(+) is the same as in (14) (and the same as in (2)—(7)). It can be easily seen that
the set W is convex and compact. Moreover, since both the objective function and
the constraints defining W are linear in -y, problem (21) is that of infinite-dimensional
linear programming (see, e.g., [4]).

COROLLARY 3. The lower limit of the optimal values of (2) satisfies the inequality

limg_,, G(S) = limg_,, inf 9(u, y)y(du,dy) > G*.
~yeI'(S) UxY
Proof. The proof follows from Lemma 1(i), Proposition 2, and the validity of the
representation (14). |
COROLLARY 4 (criteria of optimality). (i) If an admissible pair (u(-),y(:)) :
[0,00) = U x Y is such that

S—o0

s
lim %/0 g(u(r),y(r))dr = G~,

then this pair is a solution of problem (3) and G, = G*.
(ii) If a periodic (with a period T ) admissible pair (u(-),y(:)) is such that

7| e = 6

then this pair is a solution of problems (3) and (5), and also Goo = Gper = G*.
(iil) If a steady state admissible pair (u(7),y(7) = (u,y) € M (as defined in (6))
is such that

g(u,y) = G*,

then this pair is a solution of problems (3), (5), and (7), and also Goo = Gper = G55 =
G*.

Proof. The proof follows from inequalities (8) and Corollary 3. O

Denote by P(U) the space of probability measures defined on the Borel subsets
of U and consider the system

(22) (1) = flw(r),y(r), 7€l0,9],

where v(7) € P(U) are relaxed controls (see [47]) and f(v,u) = Jor fu, y)v(du).

A pair (v(7),y(r)) will be called relazed admissible on the interval [0, S] if (22) is
satisfied for almost all 7 € [0,S5] and y(7) € Y V7 € [0, 5].

Assumption 1. For any Lipschitz continuous function q(u,y) : U x R™ — R,

(23)

1 § 1 s
s s [aummr - g s [ an).m)r
(u(-),y(-)) /0 @(-)y(-)) 70

def

= ag(S5) — 0

as S — oo, where g(v, u) “ fU q(u, y)v(du), with the first sup being over all admissible
pairs and the second being over all relaxed admissible pairs.

Remark 1. The fulfillment of Assumption 1 is related to the applicability of
Filippov—Wazewski type theorems on Y (see Frankowska and Rampazo [22]). In
particular, it is satisfied with a,(S) =0 if YV is forward invariant with respect to the
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solutions of system (1), that is, if for an arbitrary control u(7), any solution y(7) of (1)
with the initial conditions in Y does not leave Y (see, e.g., Theorem 10.4.4 in Aubin
and Frankowska [9]). Assumption 1 is also satisfied with a4(S) =0 if f(u,y) = f(y)
(the case of uncontrolled dynamics, with inf’s in (2)—(5) being over the admissible
trajectories having different initial conditions). In this case U can be formally defined
to consist of only one point and systems (1) and (22) are identical.

Assumption 1 is not satisfied if, for example, the set of admissible pairs is empty,
while the set of relaxed admissible pairs is not, as in the case when m =1, f(u,y) =
—y +u , with U consisting of two points U = {—1,1}, and Y consisting of one point
Y ={0}.

PROPOSITION 5. Let T'(S) be nonempty and Assumption 1 be satisfied. Then

(24) Slim pu(col'(S), W) = 0,

where col'(S) stands for the convex hull of T'(S).

Proof. The proof of (24) is similar to the proof of Theorem 1(i) in [26], which was
established under a stronger assumption implying the validity of Assumption 1. The
necessary adjustments for the case under consideration are made in section 6. a

COROLLARY 6. If Assumption 1 is satisfied, then the limit of the optimal value
of (2) exists and is equal to G*,

(25) lim G(S) = G*.

S—o0

Also, if the solution v* of problem (21) is unique, then, for any v° € T'(S) such that
ms—oo [,y 9(u y)7° (du, dy) = G,

(26) lim p(y°,7*) = 0.
S—o00

Proof. Since

inf u, du,dy) = inf u, du, dy),
Weﬂor(s)/wyg( y)7y(du, dy) L uf nyg( y)y(du, dy)

then, by (14),

inf / g(u,y)v(du,dy) = G(S).
y€COl'(S) Juxy

The validity of (25) follows now from Lemma 1(ii) and Proposition 5. The validity of
(26) is, in turn, implied by (25) and Proposition 2. 0

Note that the solution v* of problem (21) can be unique only if it is an extreme
point of W (since (21) is an LPP) and that, using (24), one can show (although not
shown here) that, for any extreme point v of W, there exists v* € T'(S) such that
limg oo p(7%,7) = 0.

Let v* be a solution of problem (21) which is an extreme point of W and let
7% € I'(S) satisfy (26). Assume that there exists an admissible pair (v (-),7 (-)) :
[0,00) — UxY that generates v° on any interval [0, S] (we will say that v* is generated
by the pair on [0, 00) in this case). Then, for any continuous q(u,y) : U x Y — R

S
(27) i 5 [ o (007 @ = [ oty . dy)

S—o00 UxY
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and, in particular, for q(u,y) = g(u,y),

o1 Y . . .
tim ¢ [ o ()7 (N = [ glupn(dudy) = G
S—o0 S Jo UxY

Thus, by Corollary 4(i), this pair will be a solution of problem (3). Also, by Corol-
lary 4(ii), (iii), this pair will be a solution of the periodic optimization problem (5)
(and the steady state problem (7)) if it proves to be periodic (and, respectively, steady
state).

4. Finite-dimensional approximations. Let {¢;(-) ,i = 1,2,...} be a se-
quence of continuously differentiable functions such that any function ¢(-) € C! and
its gradient ¢’(-) can be simultaneously approximated on Y by linear combinations
of functions from {¢;(-),i = 1,2,...} and their corresponding gradients. That is, for

any ¢(-) € C! and any & > 0, there exist (31,... , B (real numbers) such that
k k
gleag{‘qs(y) - ;m(y) +|¢' () - ;ﬂm;(y) } <0
with [| - || being a norm in R™. An example of such an approximating sequence is
the sequence of monomials ;' ... y%m, i1,... ,im = 0,1,..., where y;(j = 1,... ,m)

stands for the jth component of y (see, e.g., [37]).
Using the system {¢;(-),i = 1,2,...}, one can represent the set W in the form of
a countable system of equations:

) W= {ylve Py [ ) it d) =0, i= 1.2},
X

Let us assume that the gradients ¢}(-),s = 1,..., N, are linearly independent on any

open ball B in R™ (that is, the equality Zf\il v;¢i(y) = 0 Vy € B can be valid only

with v; =0, i =1,...,N) and let us define the set Wy by truncation of the system

of equations in (28):

(29)

Wy = {7 |y € P(U x Y);/ny(aﬁé(y))Tf(uay)V(d“vdy) =0,i=12... ’N} ‘
Consider the LPP
(30) _nin /U N q(u, y)y(du, dy) = G-

Note that Wiy is a convex and compact subset of P(U xY') and that W C Wy, which
implies
(31) G* > Gn.
Note also that the set Wy is empty if (19) is true with ¢(y) = Zil v;¢9i(y), where
v; are real numbers.

PROPOSITION 7. The set W is not empty if and only if there exists Ng > 1 such
that Wy is not empty for N > Ny. If W is not empty, then

(32) ]\}lm pH(WN, W) =0
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and
(33) lim Gy = G*.
N—oo

Also, if yn is a solution of problem (30) and limy'— o p(yn7,7) = 0 for some subse-
quence of integers N’ tending to infinity, then v is a solution of (21). If the solution ~v*
of problem (21) is unique, then, for any solution yn of (30), limy_co p(Yn,7*) = 0.

Proof. By Lemma 1(ii), the validity of (33) follows from the validity of (32). The
other statements included in the proposition readily follow from (32) and (33). The
validity of (32) is established in section 6. O

Let us introduce another assumption which we need to consider.

Assumption 2. The inequality

N
(34) S i) Flury) <0 V(u,y) €U x Y
=1

is valid only with v; =0 Vi=1,... /N.

This assumption is satisfied if there exists a closed subset Y™ of Y with a
nonempty interior such that from the validity of (34) it follows that Zi\il v Pi(y) =
0 Vy € Y* (the equality of v; to zero is implied in this case by linear independence of
@%(+)). The existence of such Y* can be guaranteed, for instance, in two cases specified
in the statement below.

PROPOSITION 8. A closed set Y* C'Y with a nonempty interior such that from
the fact that

(35) (@' (W) fluy) <O Y(uy) €U XY

it follows that ¢'(y) =0 Yy € Y* exists if one of the following conditions is satisfied:
(i) The set f(y, U)d—if{x eR™:x = f(y,u), u € U} is convex fory € Y, and
there exists j € int Y such that

(36) 0 €int f(7,0),

where “int” stands for the interior of the corresponding set.

(ii) There exists YO C'Y such that the closure of Y° has a nonempty interior and
such that any two points in Y° are connected by an admissible trajectory. That is, for
any y',y" € YO, there exists an admissible pair (u(t),y(T)) defined on some interval
[0, 5] such that y(0) =y" and y(S) =y".

Proof. The proof is in section 6. O

Remark 2. Note that Y° in Proposition 8(ii) can be equal to Y in which case Y
is a subset of complete controllability of system (1) (see [29]). Note also that both
Assumptions 1 and 2 can be easily verified if there exist positive definite matrices Ay
and As such that

(37) (f(u,y') = flu,y") " Ar(y —y")
<= -y AW —y") VYY" ERT, Vuel.

The latter is a Liapunov-type stability condition that implies the validity of Assump-
tion 3.1 in [24] and, thus, guarantees the existence of a compact set Y* C R™, which
is forward invariant with respect to the solutions of system (1) and which is the
global attractor for the solutions of this system starting outside Y* (Theorem 3.1(ii)
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in [24]). The existence of such Y* leads to the fulfillment of Assumption 1 in case
Y* C Y. Also, the set Y* contains all periodic and steady state solutions of the
system (Lemma 3.1 in [24]) and, moreover, it can be shown that Y* is equal to the
closure of the set of all points belonging to the periodic orbits. The latter implies the
validity of Proposition 8(ii) (and, hence, the validity of Assumption 2) if the interior of
Y™ is not empty. Condition (37) is satisfied, for example, if system (1) is linear (that
is, f(u,y) = Ay+ Du, with w € U C R™ and A, D being matrices of the corresponding
dimensions) and if the eigenvalues of A have negative real parts. The nonemptiness
of the interior of Y* can be guaranteed in this case if U has a nonempty interior and
if the Kalman controllability matrix {D, AD, ..., A"~ D} has the rank m.

Assume that, for any A > 0, Borel sets ka cUxY(l=1,.., L~k =
1,...,K?) (called cells in what follows) are defined in such a way that two different
cells do not intersect, the union of all cells is equal to U x Y and

(38) sup H(U,y) - (ul,yk)H < CAv ¢ = const,
(u,9)€Q,

for some point (u;,yx) € ka, where, for simplicity of notation, it is assumed (from

now on) that U is a compact subset of R" and || - || stands for a norm in R™"*™.
Fix these points (u;,yx) (1=1,...,L", k=1,...,K?) and define a polyhedral set
Wg C RE+K2 by the equation

def
WR=y={n&}>0: > wr=1,
Lk

> (@) f(ur g =0, i=1,2,... N o,

I,k

def LA KA . . . .
where >, , = >7,_, > ;_,. Consider a finite-dimensional LPP

def

(40) min Yy rg(u, yr) = G
Note that the set W4 is the set of probability measures on U x Y which assign nonzero
probabilities only to the points (u;, yx), and, as such,

41 W2 cWy = GX>Gu.
N N

PROPOSITION 9. Let Assumption 2 be satisfied. Then the set Wy is not empty
if and only if there exists Ag > 0 such that W& is not empty for A < Ag. If Wy is
not empty, then

(42) Jim pr(Wg, W) =0
and
(43) lim, G = Gn.

Also, if v§ is a solution of problem (40) and limas_o p(”y]%,, vn) = 0 for some sequence
of A tending to zero, then yn is a solution of (30). If the solution yn of problem (30)
is unique, then, for any solution v5 of (40), lima_q p(v5,7n) = 0.

Proof. The proof is in section 6. 0
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5. Numerical solution of periodic optimization problems. Let us assume
that a solution v* of problem (21) is unique and that it is generated by a T-periodic
admissible pair (u?" (-),5" (-)) (see Remark 3 about these assumptions below). Note
that, due to Corollary 4(ii), this pair will be a solution of the periodic optimization
problem (5). Let

(44) 0= {(uy) : (u,y) = (" (r),y" (7)) for some 7 € [0,T]}.

This set can be considered as the graph of the optimal feedback control function,
which is defined on the optimal state trajectory ) = {y : (u,y) € O} by the equation
() =u Y(u,y) € ©. For the definition of ¥(-) to make sense, it is assumed that
the set © is such that from the fact that (v',y) € © and (uv”,y) € O it follows that
u' = u (this assumption is satisfied if the closed curve defined by 3" (1), 7 € [0, 7],
does not intersect itself).

Let 74 = {’yfk} be a basic solution of the finite-dimensional LPP (40), that is, a
solution of (40) which is an extreme point of W4. Let

(45)

A def
ON

= {(uyr) A5 >0 VRE{y ¢ (wy) €08}, YA = uV(uy) € 60X,

where again it is assumed that from the fact that (u/,y) € ©F and (u”,y) € OF it
follows that u' = u”. Note that the set ©4 (and the set Y§) can contain no more
than N + 1 elements since 74, being a basic solution of the LPP (40), has no more
than N + 1 positive elements (see, e.g., [18, p. 81]).

The two propositions below establish that the set @% converges (in the specified
sense) to the set O, thus leading to the corresponding convergences of yﬁ to )Y and
of Y3 () to Y(y).

We W}ilclf be using the following notation. B will stand for the open unit ball in

R"™: B={(u,y) : ||(u,y)|| < 1} and, for any Q C U x Y, v4(Q) will denote the

def
74 measure of Q: Y5(Q) = Z(ul,yk)eQﬂ@ﬁ fyfk.

PrOPOSITION 10. Let Assumptions 1 and 2 be satisfied and let v* be the unique
solution of (21). Then, corresponding to an arbitrary small v > 0 and arbitrary small
6 > 0, there exists Ny such that, for N > Ny and A < Ay (A is positive and may
depend on N ),

(46) Y8 (O%/(©+1B)) <

(47) oy ¢ ©+rB,

where @]%’M—if{(uhyk) : ’yfk > 6}.

Proof. The proof is in section 6. 0

Assumption 3. For any (u,y) € cl® (the closure of ©) and any r > 0, the set
Bo(u,y) = ((u,y) + 7B) N (U x Y) has a nonzero y*-measure: v*(B,(u,y)) > 0.

Note that this assumption is satisfied if the optimal control function u? () :
[0,T] — U is piecewise continuous and at every discontinuity point 7 the value of
u”" (1) is equal to either the limit from the left (v () = limy_,_ u" (7')) or the
limit from the right (" (7) = limy .4 w7 (7).
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ProPOSITION 11. Let the conditions of Proposition 10 and Assumption 3 be
satisfied. Then, corresponding to an arbitrary small r > 0, there exists Ny such that,
for N > Ng and A < Ay (An is positive and may depend on N ),

(48) © C 05 +rB.

Proof. The proof is in section 6. O

Based on the consideration above, one can propose the following steps to construct
an approximate solution to the periodic optimization problem (5):

(1) Find a basic solution 74 and the optimal value G5 of the LPP (40) for N large
and A small enough; the values of V and A can be identified as being, respectively,
large enough and small enough if a further increase of N and a reduction of A lead
only to insignificant changes of the optimal value G% and, thus, the latter can be
considered to be approximately equal to G* (see Propositions 7 and 9).

(2) Define ©%, V5,15 (y) as in (45). Note that, as follows from Propositions 10
and 11, if 4* is the unique solution of (21) and it is generated by a periodic admis-
sible pair, then one can expect that the points of yﬁ will be concentrated around
a closed curve being the optimal state trajectory, while 15 (y) will give a pointwise
approximation to the optimal feedback control.

(3) Extrapolate the function ¥4 (y) to some neighborhood of Y§ and integrate
system (1) starting from an initial point y(0) € Y4 and using the extrapolation of
wﬁ(y) as the feedback control. One can expect that, thus, the obtained solution of
the system will return to a small vicinity of the starting point y(0) and it will be
possible to identify the end point of the integration period, T2, as the moment the
solution enters this vicinity.

(4) Adjust the initial condition and/or control to obtain a periodic admissible
pair (u?(7),y>(7)) defined on the interval [0, 72]. Find the integral

TA
75 [ st )

and compare its value with G4. If this value proves to be close to G, then, by
Corollary 4(ii), the constructed admissible pair is a “good” approximation to the
solution of the periodic optimization problem (5).

Remark 3. Under certain conditions (e.g., under the conditions mentioned in
Remark 2), the set of occupational measures generated by periodic regimes is dense
in W and G* = Go = Gper (compare with Corollary 4). If this is the case, then the
assumption that there exists a solution v* of problem (21), which is generated by a
periodic admissible pair, is equivalent to the assumption that there exists a solution
of the periodic optimization problem (5), and the assumption that 4* is a unique so-
lution of problem (21) implies that all solutions of (5) generate the same occupational
measure (namely, v*). Note that these assumptions are difficult to verify and one
may attempt to use the above steps to find an approximate solution of (5) without
such a verification. If, as the result of executing these steps, a periodic admissible
pair that gives the value of the objective function close to G]% is constructed, then
one can consider this pair as an approximate solution to problem (5) and use it, if
necessary, for further analysis of the existence and structure of the “exact” solution.

Let us illustrate the construction with the following two examples.

Ezample 1. Let k and w be positive parameters such that

(49) w>1, kw < 1.
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Consider a differential equation
(50) (1) 4 ki (1) + wia(r) = u(r),

where z(7) and u(7) are scalars and u(r) € [—1,1]. Via a standard replacement of
variables (i.e., (1) = y1(7) and &(7) = y2(7)), equation (50) is reduced to the system
of the form (1) with

def def

y:(ylva)v f(uay):(yZ, —w291—ky2+u), U:[_]-»]-]

Since this system is linear and stable, condition (37) is satisfied and, hence, the system
has a forward invariant set Y* C R? that is a global attractor for its solutions. The
Kalman controllability matrix of the system has rank 2 and, consequently, the interior
of Y* is not empty. Thus, as follows from Remark 2, both Assumptions 1 and 2 are
satisfied if Y is such that it contains Y* (in what follows this is achieved by choosing
Y large enough). Also, all periodic and steady state solutions of the system are
contained in Y*, which means that all such solutions are admissible, with the set of
steady state admissible pairs (see (6)) being, in this case, equal to

u
M = {(U,y) SRS [_171]7 Y= (y17y2)7 Yy = Ev Y2 :0}

Take

def o

(51) g(u,y) = u? —yi

and consider the steady state optimization problem (7). By the first inequality in
(49), its solution and the optimal value are u = 0,y1 = ya = 0,Gss = 0. It is
easy to verify that this steady state solution is not optimal in the corresponding
periodic optimization problem (5). To see this, it is enough to consider the 2f—periodic
admissible pair (u(7),y(7)), with u(7) = cos(wr) and y(7) = (L sin(wr), + cos(wr)).
The value of the objective function obtained on this pair is

et W = ) 1, 1
(52) G= 27r/0 (cos (wT) —agz SR (w7)> dr = 5 (1 w2k2> < 0.

The last inequality follows from the second inequality in (49), which postulates small-
ness of the “friction coefficient” k compared to the “proper frequency” w and, thus,
makes it possible to diminish the value of the objective function via the resonance
oscillations of the state variables (such an interpretation of the example was given by
Pervozvanskii; see Examples 3.2 and 4.2 in [24]).

Let us demonstrate numerical results obtained with the use of the proposed linear
programming approach for the case when £ = 0.3 and w = 2. Note that, for these
values of the parameters, G = (1 — 55-) ~ —0.889.

Let us take Yd;f{(yl,yg) | v; € [-5,5],¢ = 1,2} (it is straightforward to verify
that Y* C Y in this case) and define

def def

(53) W= — 140, g1, S =54 A, yar= —5+ kA,

where ¢ = 0,1, ... ,% and 5,k =0,1,... ,% (A being chosen in such a way that %
is integer). Using a slightly different system of notation (adjusted to the case under
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consideration and to the grid defined by (53)) and using monomials as the functions
defining the constraints in (39), one can rewrite the LPP (40) in the form

. def
(54) min Y ((ui)? = (y1,5)*)7ig6 = Gy
VEWN LGk
with
(55)
def
Wi = {’Y =Ygk} =00 ) vigk =LY (D, 1, W15, y2.) (Wi v 4o y2k)Yig b = 0,
N N

ll,lgzo,l,...,N}7

where ¢y, 1,(y1,Y2) d:efyilyé?. Problem (54) was solved for N = 7 and N = 10 and
for A =0.2,0.1,0.05,0.025,0.0125 (note that in both Examples 1 and 2 that follow
we used ILOG CPLEX 8.0. (http://www.ilog.com) as a linear programming solver).
The optimal values of the LPPs obtained with these values of the parameters are
(respectively) G9? ~ —1.312, G%!' ~ -1.329, GY%% ~ -1.331, G%9% ~
—1.331, GY91%° ~ —1.331, and GV ~ —1.280; GY} =~ —1.325, G ~
—1.326, GYP?° =~ —1.327, GYP1? ~ —1.327. On the basis of these results and
Proposition 9 (see (42)) one may conclude that Go = lima .o G4 =~ —1.327. Hence,
by (31), G* > —1.327 (within the given proximity). From Corollary 4(ii) (see also
(8) and Corollary 3) it now follows that, if for some admissible T-periodical pair

(u(7), (7)),

(56) 7 [ () —sienar ~ 13

then this pair is an approximate solution of problems (3) and (5).
Let {'yl]\;%} stand for the solution of problem (54). The sets ©4 and Y4 can then
be represented in the form

O% = {(ui,y1j.v20) Yo% # 0} VR = {(y1,j7y2,k) DY AL # 0} :

Let us mark with dots the points on the plane (y1, y2) which belong to y]% for N =10
and A = 0.0125. The result of such marking is depicted in Figure 1.

Figure 1 clearly identifies a closed curve, which one can expect to be an approxi-
mation to the optimal state trajectory. As can be seen from this figure, the value of
y1 is uniquely determined by the value of ya for (y1,y2) € Y5 with y; > 0 and for
(y1,y2) € Y5 with y1 < 0. Having this in mind, let us mark with dots the points
(us,Yo2,) on the plane (u,ys) for which 'yj\;% # 0 and y; ; > 0 (Figure 2) and, also,
the points for which fyZNji # 0 and y; ; < 0 (Figure 3).

The points marked with the dots in Figure 2 define VR (y) = Y5 (y1,92) as a
function of yo (denoted as 15 (y2)) for y1 > 0, and the points marked with the dots

def

-A
in Figure 3 define ¥5 (y) = ¥5 (y1,92) as another function of y, (denoted as ¥y (y2))
for y; < 0. Note that in both cases (y1,y2) € Y&. Let us extend the definition of
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0.5F C

15 i i i i i i i i

Fia. 2. Y5 (y1,y2) = ¢¥{(y2) for yr >0 and (y1,92) € Vy-

wﬁ(yl, y2) by connecting the points in Figures 2 and 3 with piecewise linear functions
(we will denote this extension also as 15 (y1,y2)) and integrate the system with the
feedback control thus obtained and with the initial condition being at one of the points
marked in Figure 1. Denote by 72 (1) = (72(7), 75 (7)) the resulting solution of the
system and by u®(7) = 5 (72 (1), 75 (7)) the corresponding open loop control. The
function §(7) proves to be nonperiodic but it returns to a small vicinity of 74 (0)
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1.5

0.5

Y4

-4 -3 -2 -1 0 1 2 3 4

-A
F16. 3. ¥R (y1,y2) = ¥n(y2) fory1 <0 and (y1,y2) € V4.

with 7 ~ 3.16. Take T2 = 3.16 and denote by y2(7) the solution of the system
which is obtained when applying the control u(7) on the interval [0, 7%] and which
satisfies the periodicity condition y*(0) = y®(T?). Note that such a solution exists, it
is unique and, for the system under consideration, it can be easily found numerically
(see, e.g., [23, p. 39]). The periodic admissible pair (u®(7),y*(7)) that has been
constructed by following the indicated steps is shown in Figures 4 and 5.

The value of the objective function calculated on this pair is approximately equal
to —1.324. Comparing it with (56), one can see that it is close to the optimal one
and, hence, the pair (u”(7),y>(7)) can be considered to be an approximate solution
to problem (5). Let us emphasize that we have not verified the assumptions that the
solution of the periodic optimization problem (5) exists and that it is unique. Based
on the form of the obtained approximate solution, one may conjecture that these
assumptions are satisfied in the given example.

Ezample 2. Consider system (1) with

def def

e def
y:(yl,yzh U:(U1;U2)a f(u,y):( —Y1 + U, —Y2 +u2)

(that is, n = 2 and m = 2) and with

def

UZ[-1,1] x [-1,1], YZ[-1,1] x [-1,1].

As in Example 1, the system under consideration is linear and stable, and, hence,
it has a forward invariant set Y* which is also a global attractor of its solutions.
Moreover, it can be easily verified that Y* coincides with Y introduced above. This
implies that both Assumptions 1 and 2 are satisfied (see Remarks 1 and 2).

Let the function g(u,y) be defined by the equation

(57) g(u,y) = - Y1u2 + Yauy
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3t J
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0 05 1 15 2 25 3 35
Fic. 5. y2& (1) and y£ (7).
and let
(58) ufy = —14iA,  wy = —14+IA, y& = 1A, g E 14 kA,

where 4,1,7,k = 0,1, ... 7% (A is such that % is integer). The LPP (40) takes the
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form
ef
(59) mln Z —Y1 ]u2l+y2 KU1 z)’Ylled—G%»
00,7,k
where
(60)

def
WR= 4 =131k} 20 0 D vigin =1,
ik

Z (D, 0, W1, w2 )) T F(uai, w2, y1 s Yo Yidgk = 001,12 = 0,1,... N 3,
ik

with ¢r, 1, (41, y2) =yl g2

Problem (59) was solved for N = 10 and for A = 0.2,0.1,0.05,0.025, 0.0125,
0.00625, and 0.003125. The optimal values of the LPPs obtained with these parame-
ters are G§i2 ~ —0.7035, GY! ~ —0.7579, G{° ~ —0.7671, GY*° ~ —0.7678,
GO ~ —0.7679, GY99625 ~ —(.7679, GO 003125 ~ —0.7679.

Similarly to Example 1, one may conclude that G* > Gy = lima oG ~
—0.7679. Consequently, by Corollary 4(ii), if for some admissible T-periodic pair

(u(7), (7)),

T
(61) %/0 (—y1(T)ua (1) + yo(T)ur (7))dr ~ —0.7679,

then this pair is an approximate solution of the periodic optimization problem under
con51derat10n
Let {’yz 7 k} be the solution of problem (59). Then

A A A A A A
GN:{<u1,iuu2,l7y1,j7y2,k) %zjk?éo} YN = Z/1J73/2k Z%lgk

Figure 6 represents the result of marking with dots the points on the plane (y1,ys)
which belong to yﬁ for N =10 and A = 0.003125.

The image created by the points marked in Figure 6 reminds a square. The
analysis of the results of the linear programming solution showed that the function
P& (y) gwﬁ (y1,y2) is equal to (—1,1) at every point belonging to the upper side of
the “square,” and it is equal to (—1,—1), (1, —1), and (1, 1) at the points belonging to,
respectively, left, bottom, and right sides of the square. Let us extend the definition
of Y45 (y) as follows:

uy = —1, upg =1 for —0.5 <y; <0.9, 0.5 <y, <0.9;

u; = —1, ug = —1 for —0.9 < y; < —-0.5, —0.5 <y < 0.9;

uy =1, ug = —1for —0.9 <y; < 0.5, —0.9 < yo <0.5;

up =1, us =1for 0.5 <y; <0.9, —0.9<ys <0.5.

Proceeding as in Example 1, we integrate the system with thus defined feedback
control and with the initial condition being at one of the points marked in Figure 6.
The resulting solution of the system ¢°(7) = (§2(7), 75 (7)) remains in the area
of definition of the feedback control and it returns to a small vicinity of §°(0) with
T~ 6.1.
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Fia. 7. uf (7).

Take T2 = 6.1. Let u? (1) = (uf (1), u5 (1)) be the open loop control defined by
the feedback control on the trajectory specified above and let y* (1) = (y£ (1), 5 (1))
be the solution of the system obtained with this open loop control which satisfies the
periodicity condition: y*(0) = y®(T?). The components of the constructed periodic
admissible pair (u®(7),y> (7)) are shown in Figures 7, 8, and 9.

The value of the objective function calculated on the pair (u®(7),y* (7)) is ap-
proximately equal to —0.7679 and, hence, this pair is an approximate solution to
problem (5). Note that in this example too the assumptions that the solution of the
periodic optimization problem (5) exists and that it is unique have not been veri-
fied. However, again, based on the form of the obtained approximate solution, one
may conjecture that the solution exists and that it has a form similar to that of the
obtained approximate solution.

Ezample 2 (continued). The set of steady state admissible pairs in Example 2 is
equal to

M ={(u,y) : u=(u1,u2), y=(y1,92), yi=wu;€[0,1], i=1,2}

One can see that, for every (u,y) € M, g(u,y) =0. Hence, G55 =0 < Gper = G* =
—0.7679. Consider the periodic optimization problem (5) in which g(u,y) is replaced
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F1a. 9. y£ (1) and y5* (7).

by g*(u,y),

def

(62) M u,y) = — yrug + youy + ANui +u3 + yf +13),

where A > 0. For every (u,y) € M, g*(u,y) = Mu? +u2+y?+y32). Consequently, the
optimal value of the corresponding steady state optimization problem (denoted G2, ) is
equal to zero too: G2, =0 VA > 0. It is well known (see, e.g., [23]) that, if U and Y are
convex, the system is linear, and the integrand in the objective function is convex, then
the optimal values of the periodic and steady state optimization problems coincide.
One can verify (by direct calculation) that the Hessian of the function g*(u,y) has
nonnegative eigenvalues for A > 0.5. That is, this function is convex and, hence,
G;,\ = G2, = 0V\ > 0.5, where G?) stands for the optimal value of the periodic
optimization problem (5) considered with ¢g*(u,y) instead of g(u,y). Consider the
LPP

(63)

. A A A LA A A A A def ~AX
vre%& Z (—yrjuzy + Yo pur,; + )\((UM)Q + (“2,1)2 + (y1,j)2 + (yQ,k)Q))'yi,lyj,k =GN,
N i,k
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where W& is as in (60). As above, the solution of this problem with N = 10 and
A = 0.003125 allows one to find an approximation to the solution of the corresponding
periodic optimization problem for different A. In particular, for A = 0.2,0.33,0.35, the
approximations to the optimal values of the latter are, respectively, Ggfr ~ —0.2767,
Ggf’rg ~ —0.0358, Ggf;f’ ~ —0.0050 . For A > 0.36, G;}er ~ G2, = 0 (for A > 0.5,
this being due to the convexity of the function g*(u,y)). Figures 10-13, represent the
results of marking with dots the points on the plane (y1,y2) which belong to yﬁ for

A =0.2,0.33,0.35,0.36 (N =10, A = 0.003125).

6. Proofs for sections 3, 4, and 5.
Proof of Proposition 2. To prove the validity of (20), let us define x(S) by the
equation

def

(64) k(S) = sup p(y, W)

Y€ (S)

and show that x(S) tends to zero as S tends to infinity. Assume it is not the case.
Then there exist a positive number § and sequences S¥ — oo, v* € T'(S*), such that
p(v*, W) > 6 for k=1,2,.... Without loss of generality one may assume that there
exists limg oo v = 7 € P(U xY) (since P(U xY) is compact). From the continuity
of the metric it follows that

(65) p(y, W) = 6.

By the definition of the convergence in P(U x Y') (see (16)),

(66) lim (&' ()" f(u,y)* (du, dy) = /U Y(¢'(y))Tf(u7y)7(du>dy)

k—oco Juxy
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for any ¢ € C!. Also, from the fact that v* € T'(S*) it follows that there exists an

admissible pair (u*(7),y*(7)) defined on the interval [0, S*] such that

Sk
[ @) fwontdudy) = g [ @GF@)T ). )i
UxY 0
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The second integral is apparently equal to

P(y*(S%)) — p(y*(0))
Sk

and tends to zero as S* tends to infinity (since y*(7) € Y V7 €[0,5% and Y is a
compact set). This and (66) imply that

/U @) fu(dudy) = 0V9ECT >y € W,

The latter contradicts (65) and, hence, k(S) defined in (64) tends to zero as S tends
to infinity. This proves (20).

From the consideration above it follows that, if there exists a sequence of S*
tending to infinity such that I'(S*) # (), then the set W is not empty. Hence, if the
latter is empty, then T'(S) = @ for all S large enough. O

Proof of Proposition 5. Let Y be a compact set which contains Y in its interior
and let q;(u,y) : U x Y — R', 1 =1,2,..., be a sequence of Lipschitz continuous
functions which is dense in C(U x Y) (the space of continuous functions on U x Y).
Let

(67) B
h(uay):(ﬂh(%y)’---7Qj(uay))7 h(yay>:(61(yvy)7"'7Qj<yay))7 j:172a-~-7

where g;(v, u) = fU qj(u, y)v(du). Define the sets V;,(S,y) and V,(S,y) by the equa-
tions

AN {;/Osh(u(r),y(T))dT},
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ne U {s /OSB(”(T)’W))‘“}’

(v(). v0)

where the unions are over all admissible and relaxed admissible pairs, respectively.

Let dg stand for the Hausdorff metric defined on compact subsets of R7 by the
Euclidean norm. Using a standard argument based on the separability of convex sets
(see, e.g., Lemma 4.2 in [26]), one can verify that Assumption 1 is equivalent to the
statement that, for any h(-) and h(-) as in (67),

def

(68) i (Vi(S), oVi(S)) = kn(S) — 0

as S — 00, where co stands for the closed convex hull of the corresponding set.
From the definition of the metric p in the form (15) and the convexity of W it
follows that sup.,cp(s) p(7, W) = Sup,ccor(s) P(7, W). Hence, by (20),

lim sup p(y,W)=0
S_)OO’YECOF(S)

and, to prove (24), it is enough to show that

(69) sup p(7,col'(S)) < k(9), Slim k(S) = 0.
yeW —00

Let us take an arbitrary v € W. From Lemma 5.1 in [26] and Theorem 4.1 in [43]
it follows (see [26]) that there exist a probability space (2, F, P) and a (P(U) x R™)-
valued random process (v(7),y(7)) = (v(r,w),y(T,w)) such that (i) for any h(-) and

h(-) defined in (67),
(70) Elh(v(rw)o(ro)] = [ hugyi(dudy) ¥r =0
UxY
and (ii) for some ' C Q with P(Q') = 1 and for any w € ', the pair (v(-,w),y(-,w))

is relaxed admissible on any interval [0, S].
From (ii) it follows that

S
%/o h(v(t,w),y(r,w))dr € V4(S) Vw e,

while (i) implies that

huyr(dudy) = B5 [ dr € oVi(S
| rtwntindy) = B5 [Chrw).sro)lir € olis)

Using the above inclusion and taking into account (68) (as well as the fact that ~ is
an arbitrary element of W), one can conclude that

(71) U {/nyh(u,y)’y(du,dy)} C coVi(S) + kn(S)B;

yeEW

where B; is the closed unit ball in R7 (j is the number of components of h(-); see
(67)). Applying now Lemma 3.5 from [27] in exactly the same way as it is done
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on page 335 in [26], one can prove the validity of (69). This completes the proof of
(24). O

Proof of Proposition 7 (continued). Since W C Wy, to prove that (32) is valid,
it is enough to show that

(72) lim sup p(y, W) =0.
N—oo ’YEWN

Assume it is not true. Then there exist a positive number 8, a subsequence of positive
integers N’ — oo, and a sequence of probability measures yy: € Wy such that
p(ynr, W) > 6. Due to the compactness of P(U x Y'), one may assume (without loss
of generality) that there exists ¥ € P(U x Y) such that

(73) m p(yn,7) =0 = p(v, W) =0

From the fact that vy € Wy it follows that, for any integer ¢ and N’ > 1,
[ @ s =0 = [ (@) fug)idudy =o.
UxY UxY

Since the latter is valid for any ¢ = 1,2,..., one can conclude that ¥ € W, which
contradicts (73). This proves (32). 0

Proof of Proposition 8. In case (i), from (36) it follows that there exist an open
ball B C Y centered at § and a number r > 0 such that the closed ball B, centered
at 0 and having the radius r > 0 will satisfy the inclusion

(74) B, C f(y,U) VyeB.

Let us show that, if ¢(-) satisfies (35), then ¢'(y) = 0 Yy € B and, thus, Y* can be
taken to be equal to the closure of B. Assume that ¢'(y) # 0 for some y € B. By
(74), there exist u € U such that mqﬁ'(y) = f(y,u). Hence, by (35),

/
@w) oW =" gurigw <o = dw=o
The obtained contradiction proves the statement.

In case (ii), let us show that Y* can be taken to be equal to the closure of Y°. To
show this, it is enough to establish that from (35) it follows that ¢(y) = const Yy € Y°
(which leads to that ¢(y) = const Vy € Y* and, hence, to that ¢'(y) = 0Vy € int Y*).

Let v/,y” € Y9 and (u(7),y(7)) be an admissible pair such that y(0) = y' and
y(S) =y”. Then, by (35),

S
o) — oY) =/O (@' () flulr),y(r)dr <0 = 6(y") < o(y).

Since y',y" are arbitrary points in Y°, the latter implies that
é(y) = const VyeY? O

Proof of Proposition 9. First, note that, by (41), the set Wy is not empty if W&
is not empty.

Let us assume that the set Wy is not empty and show that Wﬁ is not empty and
that (42) is valid (the validity of (43) follows from (42) on the basis of Lemma 1(ii);
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the other statements included in the proposition are immediate consequences of (42)
and (43)).

From (38) and the fact that the functions (¢/(y))? f(u,y) are continuous it follows
that

(75) sup (61 ()" f(u,y) = (i ()" flur, )| < K(A), i=1,... N,

(u,9)€Q,

for some k(A) such that lima_ox(A) = 0. Define the set Z& ¢ RE*+E% by the
equation

d(,f

ZR =S y={ms} 20 > =1 > ($iwe)" flw, yr) | < w(A),

1k
(76)
i=1,2,...,N
For any A, let v € Wy be such that p(v2,Z%) = max,ewy p(7, Z5) (v exists
since Wy is compact) and show that
_h A Ay _
(77) M max p(v, Z8) = lim p(y*, 2Zy) = 0.
Let 7f, = fQA ~2(du, dy). By (75),
> (@)™ f (s y) i
1k
— S T~ [ @) ) (dudy)
1k UxY
< [ 6w ) ~ @@ f ) dudy) < K(), i= 12N
Lk 1,k

Hence, denoting 7% = (Wfk% one obtains that 42 € Z]% and, consequently,
(78) p(7*,25) = 0.

Let q(u,y) : U x Y — R! be an arbitrary continuous function and let k,(A) be
such that

sup [q(u,y) — qui, ye)| < Kq(D), Lim #q(A) = 0.
(wy)€EQR, -

Then

| atwy®dudy) = 3 gl
UXxY

1k

= q(u, y)v> (du, dy) q(uy, Adu, dy)| < Kq(A).
;/lk Y)Y Y) Z/ 1 Yk)Y Y
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The fact that the latter inequality is valid for an arbitrary continuous ¢(u,y) implies
that lima o p(7v®,52) = 0, which, along with (78), implies the validity of (77).

By (41), max, cya p(y, W) = 0. Hence, to prove (42), it is enough to establish
that

(79) Jim max p(v, W) = 0.

Since (as can be easily verified using the triangle inequality),

max p(7, Wg) < max p(7, Zy) + max p(% wg)
yeEWN yEW,

and since (77) has been already verified, equality (79) will be established if one shows
that

(80) lim max p(y, W&) = hm p( W) =0,
AHO»Yez

where ¥4 = {"yfk} € Z§ is such that p(32, W§) = max. e za p(7, W& for any A > 0.
Let g¢;(-) be the same as in definition (15) of the metric p. Consider the following
finite-dimensional linear program:

J

def . 1 —
81)  Fy(A)=  min_ > o > ai gy — Y a5 (s, yr) i -

_ A
y={,kEWR =1 Ik Ik

To prove that (80) is valid, it is enough to show that

(82) lim Fy(&) =0, J=12....
Below it is shown that the optimal value of the problem dual to (81) tends to zero
as A tends to zero. Since the latter coincides with Fy(A), this will prove (82). Also,
from (82) it follows that F;(A) is bounded and, hence, W& is not empty for A small
enough (see, e.g., Theorem 2 on page 129 in [18]).

Let us rewrite problem (81) in the equivalent form:

J
1

83 Fj(A) = min —0,,
(83) 7(A) . {ylk}EWN;QJ j
where
(84) = ai (g vk + 05 = =Y a4 (un, ye) Vi

1k 1k
(85) > ai (ur yr) vk + 05 > qu L, Yr )Y

Lk
The problem dual to (83)—(85) is

J
(86) Fy(A) = max —pi+m) [ D @iy i | +¢
)\i,,ujﬂ?j,Cj Ik
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where \;,i =1,...,N; p;,n5, j=1,...J, and ¢ satisfy the following relationships:

J
(87) S NG ENT Fur ) + > (—p +15)a; (ur ) + ¢ <0,

i=1 j=1

1=1,2,..., L%, k=12,..., K% and

Before proving (82), let us verify that F;(A) is bounded for A small enough (which,
by (81), is equivalent to that Wﬁ is not empty). Assume it is not. Then there exist
a sequence A", r =1,2,... ,lim, ., A" = 0, and sequences A}, uj, n;, ¢, satisfying

(87)-(88) with A = A7, 7 = 1,2,... , such that lim, .. (¢" + >3~ [A7]) = oo and

. CT def )\T def
T (> 0 A

—GZO, lim —Z’Ui,

rme X

where
N
(89) at+ >y |ul =1
i=1
Dividing (87) by ¢" + Zi\il [A7| and passing to the limit as r — oo, one can obtain
(90) sz ) fluy) +a <0 Y(uy)eUxY,

where it is taken into account that every point (u,y) € U X Y can be presented as the
limit of (uy, yx) belonging to the sequence of cells QZA,; such that (u,y) € QlAkT

Two cases are possible: a > 0 and @ = 0. If @ > 0, then the validity of (90)
implies that the function ¢(y) = Zf\; v;¢;(y) satisfies (19) which would lead to Wi
being empty. The set Wy, however, is not empty (by our assumption) and, hence,
the only case to consider is @ = 0. In this case, (90) becomes

N
(91) X)WMMVﬂ%wSO V(u,y) €U X Y.

By Assumption 2, (91) can be valid only with all v; being equal to zero. This con-
tradicts (89) and, thus, proves that F;(A) is bounded for A small enough (and that
W& is not empty).

From the fact that F;(A) is bounded it follows that a solution A®,i =1,...,N;
ujA7 nJ-A, j =1,...,J, and ¢® of the problem (86)(88) exists. Using this solution,
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one can obtain the following estimates:

J
0<Fr(A) = (=u +n2) | D a(unye)iiy | +¢2
=1 Lk

1,k j=1
N
< 71% (‘Z/\f‘(@(yk)) Jluye) — CA> +¢4
N i=1
N N
==Y A @GN Fun ) | <30 A,
=1 L,k =1

where the last two relationships are implied by the fact that 32 = {%%‘k} € Z5 (see
(76)). N
To prove (82), it is now sufficient to show that > ;_; [A2| remains bounded as
A — 0. Assume it is not. Then there exists a sequence A", r =1,2,... ,lim,_,,, A" =
0, and sequences A7, uj, nj, ¢, satisfying (87)—(88) with A = A", r=1,2,... , such
that
(92)
lim |AL| = oo, lim ——— =0, lim —— =, lv;| = 1.
[ T Y iy 1A re0 Y iy AT i=1
Dividing (87) by Zf\;l |A7| and passing to the limit as » — oo, one obtains that the
inequality (91) is valid, which, by Assumption 2, implies that v; =0, ¢ = 1,... ,N.
This contradicts the last equality in (92) and, thus, proves (82). O
Proof of Proposition 10. Assume that (46) is not true. Then there exist a number
r > 0 and a sequence NN; tending to infinity as ¢ tends to infinity and there exist
sequences A; ;, with each A, ; tending to zero as j tends to infinity (with ¢ being
fixed) such that

YR (U X Y)/(© +7B)) = vy (0K /(O +7B)) > 6

93 o
(93) :>71%;’3(®—|—7‘B) < 1-6.

Due to compactness of P(U x Y), one may assume (without loss of generality) that
there exists vy, € P(U xY) such that lim;_, p(’yﬁj’j ,7¥n;) = 0. Hence, since © +rB
is an open set,

(94) lim; . yy" (€ +7B) > 1n,(0 +rB).

By Proposition 9, vy, is a solution of problem (30). Consequently, by Proposition 7
and the fact that v* is the unique solution of (21),

(95)
lim p(yn,,7") =0 = lim; .y~ (©@+7B) > v (©+7rB) = 1.

The relationships (94) and (95) imply that, for ¢ and j large enough, 'yf,j‘j (6+rB) >
1 — 6. This contradicts (93) and, thus, proves (46). The inclusion (47) follows from
(46). O
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Proof of Proposition 11. Assume that the proposition is not true. Then there

exist a number r > 0 and sequence: (u;,y;) € ©, N;, Ay, i=1,2,..., j=1,2,...,
with
lliglo(u“yz) = (4,y) € clO, 11320 N; = oo, ]ILIEO A ;=0
such that
(96) d(( ), ON) 2 = d(8.9).037) > 5.

where d((u,y), Q) stands for the distance between a point (u,y) € U x Y and a set
def

QCUxY: d((u,y),Q)= inf yyeofll(u,y) — (v',4')[|}. The second inequality in
(96) implies that

((ﬁ,ﬂ) + gB) NN =0 = Ay ((a,g) gB) —0.

Similarly to the proof of Proposition 10, one may assume, without loss of generality,
that there exists vy, € P(U x Y) such that lim;_, p(fyf,;’j,mvi) = 0. Hence, since
the set (u,y) + 5B is open,

J—00 ’

As in the proof of Proposition 10, vy, is a solution of problem (30) (see Proposition 9).
Consequently, from Proposition 7 and from the fact that v* is the unique solution of
(21) it follows that

lim p(yy,,7")=0 = 0 = limqy, ((ﬂ, 9) + gB) > 5 ((a,g) + fB) .

11— 00 2

The latter contradicts Assumption 3 and, thus, proves the proposition. ]
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