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The screening length of the charge-asymmetric electrolyte is calculated in the hypernetted chain
approximation. Results are presented for 1:1, 2:1, 3:1, and 4:1 electrolyte with concentrations
ranging from 10° to 1 M. A number of analytic approximations for the screening length are
compared to the hypernetted chain data. We find that the second moment approach dPAhtard

Rev. E 48, 3604 (1993] gives good results for monovalent but not asymmetric electrolyte. A
nonlinear version of the second moment approach is found to give good results for asymmetric
electrolytes. We also find that the asymptotic formula of Mitchell and Ninh@hem. Phys. Lett.

53, 397(1978], although giving a null result for monovalent electrolyte, is a satisfactory estimate
for asymmetric electrolytes. €998 American Institute of Physid$$0021-9608)52030-2

I. INTRODUCTION differences, all these theories predict, and experiment has

The int i f ch d surf in electrolvt | established, that at sufficiently large distances the electric
. 1€ Interaction of charged surtaces in electrolyte solusy, o layer force is described by an exponential function of
tions is crucial to the behavior of many physical, chemical,

. . - . . distance. Furthermore, the decay constariknown as the
and biological processes. The stability of biological mem-, . .
branes, DNA folding, cellular fusion, the swelling of clays inverse screening lengtidepends only on the properties of

and the clarification of drinking water are some of the phe-the bulk electrolyte, nqt on the surface propertles. _
nomena that depend on forces between charged surfaces. Itis 11€ classical prediction for the screening length is the
therefore important to investigate accurately those propertie@€bye length, Eq(2.5 below. It arises from the linearized
of electrolyte solutions which influence these forces. Poisson—Boltzmann equation, which is a mean-field approxi-
When a charged surface is immersed in an electrolyténation that is expected to be valid at low electrolyte concen-
solution, ions of opposite charge to the surfémeunter-iong  trations for monovalent ions. In recent decades, however,
are electrostatically attracted to the surface whilst ions of likevarious theoretical corrections to the screening length have
charge(co-iong are repelled. However, due to thermal mo- been proposet;® corrections which depend on parameters
tions, the counter-ions are not bound to the surface but ratheuch as ion size and charge asymmetry. There have been
remain dispersed and mobile in the vicinity of the surfaceseveral experimental investigatidAs'?aimed at testing the
This spatial separation of charge is denoted the electrigalidity of these corrections, although the conclusions re-
double layer. main somewhat controversial. In this paper, we investigate
If two similar electric double |ayers Overlap a repulsive the effect of Charge asymmetry on the Screening |ength and

force is generated. Along with the attractive van dgr Waalgompare a number of analytic approximations against accu-
force that exists between all surfaces, the electric doubleyia numerical calculations.

layer repulsion forms the basis of the Derjaguin-Landau—  the gepartures from the Debye length are relatively
Verwey—OverbgeKDLVO) theory of colloidal interactions. . small, and it is difficult to obtain the screening length accu-
According to this theory, the balance between the repulslwf,ately from computer simulations. Hence we use the hyper-
electric double layer force and the van der Waals attraction i%etted chain calculations as benchmarks to test the more ao-
what determines the stability or otherwise of colloidal sys- P

tems. proximat(_a theories, which include asymptotic expansfdhs,
The properties of the electric double layer have longSe!-consistent second-moment approa&hes,d the well-
been subject to theoretical modeling, ranging from the semiknown mean spherical approximatigh We use the origi-
nal mean-field approach of Debye anddHal through to the nal version of the latter, although a number of successful
modern liquid state theories which use the full apparatus ofnodifications have been developed, including self-consistent
statistical mechanicsee the review by Attafdfor a survey ~ Versions**®(see the tests for monovalent electrolyte by Lee
of these modern theoriesThere have also been many ex- et al'®). Of course the structural properties of colloids and
perimental studies of electric double layer forces, especiallpolyelectrolytes with very high charge and size asymmetries
since the advent of techniques such as the surface fordeave been studied by simulation and integral equation
apparatu$ and the atomic force microscopeDespite their method$’~2! but our concern here is with the screening
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length in the monotonic regime for primitive model ions with We use the so-called primitive model, in which the elec-

equal diameters and charge asymmetries up to 4:1. trolyte is represented as hard-sphere ions immersed in a con-
tinuum dielectric background. The potential between ions of
speciesa, v is thus considered to be the sum of Coulomb’s

Il. THEORETICAL BACKGROUND law in media
The classical theory of electrolytes is the mean-field ap-  u¥(r)= q“qy,
@y 4mepe I

proach of Debye and tkel. In the Debye—Fekel theory,
the electrolyte is modelled as point ions in a dielectric con-gnd the hard-sphere potential
tinuum. The radial distribution functiog,,.(r) (proportional

to the probability of finding ions of typer and y separated hs ()= % r<dg,
by a distance) follows a Boltzmann distribution A1) = 0 r>dm/'
gay(f)=ef'gqy¢“(r), 2.1 The primitive model excludes effects such as ionic polariz-

ability and solvent structure.

The fundamental equation of liquid-state theory is the
Ornstein—Zernike equation, which {®r a multicomponent
fluid)

whereg,(r) is the mean electrostatic potential due to the ion
a, q, is the charge of ion specieg and B=1/kgT (kg is
Boltzmann’s constant anflis temperature This potential is
given by Poisson’s equation

V2 (1) = e_Tt Q.(r), 2.2 hay(f)ZCaerz;z ij ha(s)cy(Ir—s)ds, (2.6)

€ is the total permittivity,e=4mege, , € is the permittivity ~ where h,,(r) is the total correlation functiong,,(r) the
of free spaceg, is relative permittivity, whereQ (r) is the  direct correlation function, witl, the density of ion species

mean charge density about ian v. In view of the fact that the direct correlation function
approaches the Coulomb potential asymptotically, it is con-
Q. (r=2 Uy 50y (T). venient to define a short-ranged functigp,(r) such that
Y

o . _ ar(1)=Cap(1)+ Uy (r).
Combining Poisson’s equation, E(.2), with the Boltz- Aay AN+ By

mann equation, Eq.2.1), gives the famous Poisson— The Ornstein—Zernike equation is an equation for two
Boltzmann equation unknowns; the total correlation functioh,,(r), and the di-
1 rect correlation functior,,,(r) [equivalentlyy,,(r)]. In or-
V2 (r)=— 2 qypyefﬁqusa(r)_ (2.3 der to solve'for these, we must have another equation, the
€0€ 'y closure relation

For weak potentials, the exponential arising from the Boltz- . (r)=—1+exp(h,,(r) = xay(N)+ by (1)}, (2.7)
mann equation can be linearized. In bulk electrolyte, the po- ) ) )
tential is spherically symmetric and only depends on the raWhereb.,(r) is the so-called bridge function. The closure
dial coordinater so the linearized Poisson—Boltzmann '€lation is exact. However, the bridge function is generally
equation becomes a simple differential equation for the po€Xtremely difficult to evaluate, if not intractable. The hyper-
tential ¢,(r). The resultant Debye—Hikel total correlation netted chaintHNC) approximation consists of neglecting the
function, h,(r)=g,.(r)—1, is bridge function entirely, that i®,,(r)=0. The Ornstein—
7 4 Zernike equation and the HNC closure are then solved for

—Ba.49, iDr 2.4) the correlation functiong,,(r) and y,,(r).

€ ro’ ' Exact asymptotic analysis of the Ornstein—Zernike
shows that total correlation function takes on a Debye—
Emckel-type form ag —o,”8

hay(r)z

We see that the classical theory predicts that ions ar
screened from each other at distances greater#gan This

characteristic length scale of the system is the classical — Baaay e’
screening length, the Debye length, and is given by Nay(D)~——— (2.9
A7 ; ; -1 ;
Kh=— Z PaCIi- (2.5 with the screening length¢™ ~ formally given by
. , 4AmpB ~
The Debye—Hakel theory is fundamentally approxi- K= ; Palale - 2.9

mate in two ways. First, being a mean-field theory, it does

not recognize that the electrostatic potential dtie to ionee  The scaling factor and the effective chargg, are function-

is affected by the presence of igrand that the true potential als of S(C,y(k), the Fourier transform of,,(r), evaluated at

is in fact determined by complex local rearrangement of thek=i«. Note thatk may be complex, which corresponds to
ions. Second, the original Debye—tkel theory is for point-  oscillatory asymptotic decay of the total correlation function.
sized ions, an obvious approximation since ions do have fiThe HNC approximation is very reliable, and the results for
nite size. the screening length can be considered to be exact, with little
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difference in the results upon inclusion of the first bridgewhere p, 5, z; , are the densities and valences of the two

diagram’ The HNC results shall therefore be taken as thecomponents of the electrolyte, and whefe= xpBq%/ €.

benchmark for the purposes of this paper. Note that the correction to the Debye length vanishes for

The Ornstein—Zernike equation implies that the totalsymmetric electrolytes.

correlation function must satisfy moment conditions, the two  In contrast to the above result of Attard, the Mitchell and

most important of which arésee Ref. 7 for a derivationhe  Ninham formula does not depend on the hard-sphere diam-

zeroth moment, or electroneutrality condition, eter of the ions but does include an extra dependence on the
ion valences. The result of Mitchell and Ninham was ex-

_ tended by Kjellander and Mitchéllto include a term for
Qe= zy pyqyJ ha,(r)ar, 2.19 symmetric electrolyte
- o K Aln3
and the second moment or Stillinger—Lovett condition, =1+ 5 (|24~ |25])2
—47B J 2
1= —— h.,(r)r2dr. 2.1 AIn A
Ge 2 B | ) (210 R e (P PATSPAC R E T

The linearized Debye—Hikel theory is obtained when the It should be noted that both the Mitchell and Ninham and the
short-ranged part of the direct correlation function is ne-Kjellander and Mitchell equations are asymptotic formulae,
glected,x,,(r)=0. However, the linearized Debye—tkel  derived on the premise of an infinitely dilute electrolyte and
theory will only obey the two moment conditions, EQgs. so may not be expected to hold for finite concentrations.
(2.10), (2.1)) if we have point-sized ion§Furthermore, the It is worth mentioning that Stell and Lebowftzhave
linearized Debye—Hakel theory is only expected to hold for also obtained asymptotic expressions for the screening
low charge electrolyte§.e., monovalent electrolytesince it length. Their result depends upon a certain integral of the
neglects higher-order electrostatic effects. Both of theseadial distribution function of the reference hard-sphere fluid.
shortcomings are due to the neglect of the short-ranged pafto leading order their correction to the Debye length van-
of the direct correlation functiony,,(r)=0. Nonetheless, ishes for an electrolyte with equal sized ions, but they also
the exponential form of the correlation function is still useful give higher order terms that survive in this case.

and convenient, especially in light of the fact that the exact  Another, relatively simple, numerical approach to esti-
asymptote of the Ornstein—Zernike equation is of exponenmation of the screening length is what we shall term the
tial form*’ Much theoretical effort has therefore been ex-nonlinear Debye—Fitkel approach. Like the analytic ap-
pended obtaining expressions for the screening length tharoach of Attard, Eq(2.12, the nonlinear Debye—Hikel
differ from the Debye length but also include effects due toapproximation used in this paper consists of a specified func-
moment condition constraints and higher-order electrostatitional form of the total correlation function under the con-
effects. The analytic result of Attafdeflects the moment straint that it must obey the moment conditions. However,
conditions constraint. It is obtained by substituting theinstead of imposing the exponential form upon the correla-

Debye—Hiekel functional form tion function we assume that potential of mean force has the
) form
—Bd.9, € «
hoy(r)= ——— — .9, €
€v r W, ()= —, r>d (2.19
ev I

into the moment conditions Eq$2.10, (2.11. A cubic 54 seek values for and v such that the correlation function
equation for the screening lengih * in terms of the Debye h,.(r)=—1+exp—Bw,.(r) satisfies the two moment condi-
-1 . . . ay ay
length x5~ and the hard-sphere diameteis then obtained jgng Egs(2.10 and(2.11).” Through a numerical approach
(see Ref. 7 f_or details This cubic equation has the solution, |ike the HNC approximation, it is much easier to implement
correct to third-order, computationally than the hypernetted chain theory.
We shall also consider the well-known mean spherical
K 1 (212 approximation(MSA).>*2 In this approach, the short-range
Kp \/1_(KDd)2/2+(KDd)3/6. ' part of the direct correlation function is set to zero outside of
the hard-sphere additive diameter, that ig,,(r)=0,
Note that there is no extra dependence on the charge of the> d,, . Like all the theories considered, MSA predicts that
ions, beyond that in the Debye length. the total correlation function is exponentially screened. How-
Another analytical approach that will be investigated inever, unlike the other theories considered, the MSA predicts
this paper is that of Mitchell and NinhafThese authors that the inverse screening lengkhapproaches the inverse
expand the short range part of the direct correlation diagrambebye lengthxy from below in the limit of infinite dilution.
matically and find an expression for the screening leifgth
binary electrolytg given by

lll. RESULTS AND DISCUSSION

3 3\2
x_ 1+ A In3 (p1zitp22;) (2.13 The Ornstein—Zernike equation was solved for a binary

2 2\2 L . .
Kp 8  (p1Zitpaz5)? primitive model electrolyte using the standard Fourier trans-
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FIG. 1. HNC screening length results. Plotted is the ratio of the inverse FIG. 3. As in the preceding figure but for the 2:1 electrolyte.

screening length, to the inverse Debye lengtky , against concentration.
The stars, circles, squares, and diamonds are 1:1, 2:1, 3:1, and 4:1 electro-
lyte, respectively.
result. As noted above the Mitchell and Ninham correction to

the Debye length, Eq2.13, vanishes for a symmetric elec-

form approacH:” Once the short-ranged part of the direct trolyte. Unlike any of the other results which predict a mono-
correlation functiony,,,(r) was obtained, Eq2.9) was used  tonic variation in«/ kp for all concentrations considered, the
to get the screening length. Since the expressionkfdEq.  Kjellander and Mitchell result, Eq(2.14, predicts thatx
(2.9), requiresq(k) evaluated at«, this equation must be <y, in the regime 102 M~10"* M and thereafterx
solved iteratively. This was done, starting with an initial > x| with the crossover at around 0.1-M0.2 M. The MSA
guess ofk = xp and iterating until convergence to at least siX result predicts thak<«p , in complete contrast to the HNC
significant figures. result which has«k> kp for all concentrations considered.

Figure 1 shows the ratio of the inverse screening lengttmodified versions of the MSARefs. 14—18 will likely
to the inverse Debye length vs concentration for 4:1, 3:1, 2:1show better agreement with the HNC, although we have not
1:1 electrolytes in the HNC calculation. Unless otherwisetested these here.
indicated all the following results are for ions with equal Figure 3 shows results for a 2:1 electrolyte. Once again
hard-sphere diameters df=4.5 A. The cusp in these curves the nonlinear Debye—FHikel result agrees reasonably well
shows the concentration at whietbecomes complex and an with the HNC results. The deviation predicted by the Mitch-
oscillatory, decaying correlation function enstieSince it ell and Ninham formula, Eq(2.13, is now nonzero and,
only makes sense to discuss an effective screening length Hithough somewhat overestimating the deviation, does ex-
the monotonic regime, particularly with reference to experi-hibit the general behavior of the HNC result, tkat k. On
mental results, we shall focus on this regime here. the other hand, the Kjellander and Mitchell result, Efj14),

Figure 2 showsc/xp vs concentration for a 1:1 electro- again predicts thak<«p initially before crossing over to
lyte comparing the HNC, nonlinear Debye-¢kel, and the >« which is in complete contrast to the HNC and non-
various analytical approximations. We see that the nonlineainear Debye—Hakel results. The analytical result of Attard,
Debye—Hekel numerical result and Attard’s third-order Eq. (2.12, does not show any extra deviation due to the
equation, Eq(2.12, are in good agreement with the HNC charge-asymmetry, yet there clearly is such an effect in the
HNC results. Consequently, Attard’s result will not be com-
: : pared in the further cases investigated. The MSA result again
19T g predicts thatk<«p for all concentrations considered.
1.7} Figures 4 and 5 plok/«p vs concentration for the 3:1
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FIG. 2. Screening length, 1:1 electrolyte. As in the preceding figure, the
ratio of the inverse screening lengthk, to the inverse Debye lengthx ,

against concentration is plotted. From top to bottom, the symbols are the 0.5 . A .
HNC results, the short-dashed line is Attard’s formula, 412, the solid le-05 le-04 1e-03 1e-02 1e-01
line the numerical nonlinear Debye—&tkel-type result, the dot—dashed line Concentration (M)

the Mitchell and Ninham formula, Eq2.13), the long-dashed line is Kjel-
lander and Mitchell's formula, Eq(2.14), and the dotted line the MSA FIG. 4. As for the preceding figure except for the 3:1 electrolyte and At-
expression. tard’s formula is no longer plotted.
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FIG. 5. As in the preceding figure but for the 4:1 electrolyte. FIG. 6. /kp Vs kpd for the 1:1 electrolyte. The stars are f+=4.5 A and

the circlesd=5.0 A.

and 4:1 electrolyte, respectively. The results are much the W that the t i th inth
same as for the previous cases. The numerical nonlinear € see fhal the two cases lie on Ine same curve, as in the

Debye—Higkel resuilts agree best with the HNC result al-Monovalent case. These results indicate that the screening

though the agreement becomes progressively worse as theength has the functional form
valence asymmetry increases. The Mitchell and Ninham re-  x
sult once again, if not quantitatively, at least qualitatively K_sz(qwqw"Dd)- CHY
agrees with the HNC data. The MSA results are still in con- . . )
trast to the HNC data, with/«xp monotonic and less than Furthermore, it seems, given the success of the numerical
unity for all concentrations considered for both the 3:1 and'onlinear Debye—Fikel-type approximation, compared to
4:1 electrolyte. For the 3:1 electrolyte, the Kjellander andthe linear version, that the influence of charge-asymmetry on
Mitchell formula shows even more striking nonmonotonic the screening length is an essentially nonlinear effect.
behavior whilst for the 4:1 case the Kjellander and Mitchell
formula becomes completely unphysical, with«p passing v, coNCLUSION
through zero and turning negatiyeot shown on the graph
These results show that the nonlinear Debyéekéliap- We have examined the effect of charge-asymmetry on
proach to the screening length agrees reasonably well witfe screening length of electrolytes using the HNC approxi-
the hypernetted chain theory. Of the analytical approachegnation. We found that the simpler nonlinear Debye-ekil-
Attard’s result, Eq(2.12), is successful for the monovalent type numerical scheme gives good results. We found that the
case but not for the 2:1, 3:1, and 4:1 electrolytes. On th@nalytical result of Attari gives good results for the
other hand, the result of Mitchell and Ninham does not premonovalent but not the asymmetric electrolyte. On the other
dict a correction for the monovalent electrolyte, but gives ahand, we have shown that the Mitchell and Ninham
fair estimate of the screening length for the asymmetric elecasymptotic formuld, although giving a null result for the
trolytes. It is no surprise that the Kjellander and Mitchell monovalent electrolyte, is a satisfactory estimate for asym-
formula completely breaks down at the electrolyte concenmetric electrolytes. We have also shown that the asymptotic
trations considered in this paper, since it was derived at inexpansion of Kjellander and Mitchell is inapplicable at real-
finite dilution. What is surprising is that the Mitchell and istic concentrations, and that the original MSA is likewise
Ninham formula gives such a reasonable result, since it togaccurate. It is possible that more sophisticated, self-
was derived at infinite dilution. consistent versions of the MSA will give a more reliable
As noted in Sec. Il, the analytical result of Attard, Eq. €stimate of the screening length of asymmetric electrolytes.
(2.12, depends on the hard-sphere diameter of the @ns
indeed predicting that/ x is a function ofkpd only. If this
is true then we should find that a plot ef«p vs kpd gives
the same curve, regardless of the size of the ions. Figure 6 is 14 | #%C0
such a plot of the HNC results for a 1:1 electrolyte at two * o
different hard-sphere diameters, 4.5 A and 5.0 A. We see that * *
the two cases do indeed lie on the same curve, a result al- pl2r ® |
ready established by Ennés al?® and by Attard’ However, o
given that we have already established that Attard’s approach Lo weo© ¥ *
fails for an asymmetric electrolyte, it is by no means obvious
that x/ kp will show similar dependence orpd for asym-
metric electrolytes. In order to test this/«p againstxpd 0.8
for a 2:1 electrolyte at two different hard-sphere diameters,
4.5 A and 5.0 A, was calculated in the HNC approximation.
The results are plotted in Fig. 7. FIG. 7. As in the preceding figure but for the 2:1 electrolyte.

K/K
3
]

0.0 0.5 1.0
Kpd
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