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Dynamic surface force measurement. I. van der Waals collisions
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Theoretical calculations and experimental measurements are used to show that hitherto neglected
inertial effects can be significant in computer-controlled surface force measurement devices such as
the atomic force microscope. The problem is analyzed in detail for the case of the van der Waals
attraction in air. It is demonstrated that equating the cantilever deflection to the surface force
systematically underestimates the magnitude of the surface force, increasingly so as the speed of
approach is increased. It is also shown that the surface separation becomes lost at high accelerations
due to a dynamic uncoupling of the cantilever deflection and angle. The effects of elastic
deformation of the bodies are taken into account, including the collision-induced elastic vibrations
in the solids. Experimental data are obtained for the van der Waals attraction and collision of glass
surfaces in air using the measurement and analysis of surface forces device. All of the effects found
in the theoretical calculations are identified in the experimental data. ©1998 American Institute of
Physics.@S0034-6748~98!03511-4#
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I. INTRODUCTION

A new era in direct surface force measurement be
with the advent of computerized data acquisition syste
The modern devices use various electronic technique
control the motion of the surfaces and electronic or digita
analyzed optical methods to sense the deflection of the fo
measuring spring. Here we focus on two of these automa
devices: the measurement and analysis of surface fo
~MASIF!1,2 and the atomic force microscope~AFM!.3,4 ~The
various techniques for measuring surface forces have b
reviewed elsewhere5.! What is different about these new d
vices compared to the original surface forces appara
~SFA!,6–8 where the interferometric fringes for the separati
and forces are measured by eye and recorded manual
the speed at which the measurements can be perform
Typically the original SFA would take up to several hours
measure a force curve consisting on the order of a 100
points. The MASIF measures up to 214 data points over as
small a time as 0.1 s, and the AFM can record on the orde
210 data on similar time scales. It is this volume of data, f
turnover, and ease of use that has been responsible fo
rapidly increasing use of the new devices.

The method of measuring the surface force has
changed over the years. All devices have in common a fo
measuring spring or cantilever, the deflection of which
measured electronically, optically, or interferometrically5

The surface forceFs is simply equated to the restoring forc
on the spring,Fk ,

Fs52Fk . ~1!

The restoring force is given by Hooke’s law,Fk52kx,
where k is the spring constant andx the deflection of the

a!Electronic mail: phil.attard@unisa.edu.au
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spring. This is of course the method that was used in
original static versions of the SFA. The main point of th
paper is that Eq.~1! does not apply to the new dynamic forc
measurement techniques. We shall show that in typical
perimental regimes inertial effects can be significant, a
that in general the spring deflection in a dynamic measu
ment lags that of a static measurement, which causes Eq~1!
to underestimate the actual surface force.

Not that static force measurements have entirely igno
the dynamics, since these are implicit in the so-called ju
into contact. This occurs at the separation at which the sl
of the attractive surface force equals the spring const
which is the limit of stable equilibrium. An alternative ap
proach to mapping out the force curve is to vary the rigid
of the spring and to measure the static jump point.6–8 Lodge
and Mason9 further developed this idea with the so-calle
dynamic jump method. Here oscillations about a point
stable equilibrium allowed motion past the static jump poi
provided that the amplitude was small enough so that
spring restoring force exceeded the attractive surface fo
even though the derivative of the surface force exceeded
spring constant. The amplitude of the oscillations could
gradually increased up until the so-called unstable equi
rium point, the recording of which allowed the force curve
be obtained over a larger domain than in the static ju
method. The dynamic jump method of Lodge and Maso9

may be seen as a precursor to certain contemporary f
measuring techniques that monitor the change in reso
frequency with separation due to the influence of the surf
force, such as the AFM in tapping mode,10–12or the dynamic
mode of a force-feedback version of the MASIF.13 Of further
relevance to the present day automated devices is the
that Lodge and Mason9 measured the deflection of the forc
measuring spring by a capacitor, displaying the
2 © 1998 American Institute of Physics
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sults on an oscilloscope and thereby actually recording
dynamics of the jump into contact. Although the resoluti
of the device precluded quantitative results, it may be s
that Lodge and Mason were ahead of their time in anticip
ing the modern dynamic devices and data acquisition s
tems. These authors speculated that Newton’s equat
might be used to obtain more quantitative information ab
the dynamics of the system, which is precisely what we
here.

A second dynamic technique is the so-called drain
method of Chan and Horn,14 in which one surface is driven
toward the other at a constant speed. The surface forc
deduced by subtracting the known hydrodynamic repuls
Fd ,

Fs52Fk2Fd . ~2!

The inertial effect we explore here is distinct from this dra
age force since it is caused by the finite acceleration of
surfaces under the influence of the surface force. We s
include this drainage term in our calculations below,
though in air its main effect is to dissipate energy at conta

To explore inertial effects, we set out to measure the
der Waals forces between silica glass surfaces in air, wh
being free of the usual complications of a liquid interlayer
the simplest possible system. Thus the measurements
themselves to unambiguous interpretation. We found a la
adhesion but a diminished van der Waals attraction at fi
separations, and concluded that inertial effects were res
sible. In this system the force law is known, and the dyna
cal motion is governed simply by Newton’s equation. Belo
we present the theoretical calculations and our experime
data for the van der Waals force between silica glass surf
in air. We shall primarily model the MASIF device becau
its higher sampling rate and other design features show
dynamic phenomena in great detail. In the second articl
this series15 we shall model the AFM and compare the resu
to our measurements of the van der Waals attraction w
that device.

There is a second consequence of dynamic force m
surements that we find theoretically and experimentally
this article. When a cantilever spring is deflected, in the eq
librium situation ~static or steady state! there is a unique
relationship between the location of the tip and the angle
the end of the beam. This is exploited in the AFM where
amount of deflection is found by measuring the angle of
tip with a light lever. We point out here that the angle a
the deflection are two independent dynamical variables a
depending upon the motion, one cannot simply use the e
librium relationship to deduce one from the other. This
particularly evident when the surfaces are in contact, wh
the angle of the tip can change without any further defl
tion. Our theoretical calculations reveal the nature of the
fect, and we discuss its effect on the MASIF data.

There have been a number of previous theoretical ca
lations of dynamic effects, mainly in the context of nonco
tact or tapping mode AFM imaging.16–20These analyses dea
with a vibrating simple spring and its change in amplitu
due to the proximity of the surfaces. In contrast we are c
cerned with force measurement, not imaging, and we ana
e
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the deflection of a realistic cantilever spring on a single
proach. Our calculations go beyond the earlier studies in
in addition to the van der Waals attraction we include t
moment of inertia of the cantilever, the effects of fluid drai
age ~as distinct from drag forces16–18,20! and the effects of
elastic deformation.~Fontaineet al.19 have included drainage
at an elementary level, and Ancykowskiet al.18 have also
included some of the effects of elastic deformation.!

The paper is set out as follows. In Sec. II A, which im
mediately follows, we develop the simplest model of t
experimental setup that shows the major inertial effect d
cussed above. We present the results of calculations for
rameters typical for the MASIF. In Sec. II B we develop
more sophisticated model that shows the additional dyna
cal feature found in the experiments, namely the decoup
of the angle and position of the cantilever tip. In Sec. II C w
explore the effects of elastic deformation of the bodies, a
show that elastic vibrations are induced by the collision.
Sec. III we present dynamic force measurement data
tained with the MASIF for the van der Waals attraction
air. We make a detailed comparison of the features in
experimental data that our dynamic calculations revealed

II. THEORY

A. Simple spring

As mentioned above, all surface force devices are ba
on controlling the position or separation of the surfaces, a
on measuring the force acting between them by means o
deflection of a spring. Usually one of the surfaces is moun
on a piezo-electric motor and its position is a specified fu
tion of time. Here we take the driven surface to be the low
surface and we denote its position byz5z(t). ~This is the
case in the AFM; in the MASIF the geometry is inverted, b
this makes no conceptual difference to what follows.! The
upper surface is mounted on a spring. In the next section
will model the spring as a cantilever beam, which is a re
istic representation of the situation in the AFM and in t
MASIF. But to make our first point about dynamic effects
is clearer to use a less sophisticated model, namely a sim
coil spring, as shown in Fig. 1. We denote the deflection
the spring byx; x50 corresponds to the equilibrium positio
in the absence of any force between the surfaces~large sepa-
rations!. ~Gravity is constant and can therefore be ignore!
The actual separation between the surfaces ish5x2z,
which is equivalent to choosing the origin for the coordina
of the lower surface such that if the spring were undeflec
then the surfaces would be in ultimate contact whenz50. At
equilibrium, a positive deflection corresponds to a repuls
surface force, and a negative deflection results from an
traction.

1. The equations of motion

We shall develop and solve the dynamical equations
this model. There are three forces to be taken into acco
the spring restoring forceFk , the hydrodynamic~or aerody-
namic! drainage forceFd , and the surface forceFs . Denot-
ing the spring constant byk, the elastic restoring force actin
on the upper surface in the positive direction~upwards! is
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Fk52kx. ~3!

The drainage force is14

Fd5
6ph

h S R

2 D 2

~ ż2 ẋ!. ~4!

Here h is the viscosity, which at standard temperature a
pressure for air equals 1.831025 kg m21 s21, and for water
equals 1.031023 kg m21s21. As aboveh is the separation o
the surfaces. The quantityR is the Derjaguin geometrica
factor related to the mutual curvature of the two convex b
ies; for the two identical spheres depicted in Fig. 1 it equ
their radius. The final parenthetical quantity is the mut
speed of approach of the surfaces. The hydrodynamic dr
age force is repulsive when the surfaces approach each o
and is attractive when they move apart. The surface fo
that we shall use in this section and the next is the van
Waals attraction,

Fs5
2AR

12h2 S 12
z0

6

4h6D . ~5!

HereA is the Hamaker constant, which for glass surfaces
air we take to equal 5310219 J, and which in water equal
10219 J. ~Since the productAR always appears, one coul
alternatively interpret the present results as applying to b
ies with a smaller Hamaker constant and a larger radiu
curvature.! This van der Waals force is based upon
Lennard-Jones 6–12 potential. If this is integrated pairw
over the atoms of two semi-infinite planar half spaces a
the Derjaguin approximation invoked, then the above
form for the force results. The second term in parenthe
arises from the short-range repulsion between atoms.
quantityz0 is the separation of lowest energy for two atom
which here we set equal to 0.35 nm;h5z0/21/3 is the equi-
librium spacing of planar surfaces under zero load. For fut
use we note that these parameters correspond to a su
energy ofg5A/16pz0

250.08 J m22.
We can now use Newton’s equation,F5ma, to find the

motion of the upper surface. Since the positionz(t) and ve-

FIG. 1. A simple model of a force measuring device. The lower surfac
mounted on a translator and its position isz(t). The upper surface is at
tached to a simple spring whose extension isx(t), with x50 corresponding
to the case of no interaction. The zero for the lower surface is such tha
separation ish5x2z.
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locity ż(t) of the lower surface are specified, and since
separation ish(t)5x(t)2z(t), we can takex(t) as the single
dynamical variable and regard the forces simply as a fu
tion of the deflection and of time,F5F(x,t). With m the
mass of the upper surface we have

mẍ5Fk~x!1Fd~x,t !1Fs~x,t !. ~6!

This is a second order nonlinear differential equation for
deflection of the spring. The initial condition is that att50
the surfaces are far separated,z(0)!0, and~generally! that
x(0)5 ẋ(0)50. In the steady state situationẍ50, and
Eq. ~2! is valid. For stationary surfacesFd50 ~becauseẋ
5 ż50) and Newton’s equation reduces to Eq.~1!. More
generally however, one measuresFk while the surfaces are
in motion, in which caseẍÞ0 and Eq.~6! shows that neither
Eq. ~1! nor Eq.~2! holds.

It proved straightforward to solve this equation nume
cally to obtain the trajectory of the upper surface. We us
simple time stepping, where the new position isx(t1D t)
5x(t)1 ẋ(t)D t , and the new velocity wasẋ(t1D t)5x(t)
1 ẍ(t)D t . The acceleration is as above,ẍ(t)5F(x(t),t)/m.
A conservative value ofD t52.5 ns gave good accuracy; a
order of magnitude larger value could be used away fr
contact and for slower driving speeds.

In the absence of surface and drainage forces~large
separations, slow motion!, the upper surface executes simp
harmonic motion with frequencyf 5(Ak/m)/2p. We tested
the computer program by confirming that this frequency
peared in our numerical solutions at large separations
appropriate initial conditions.

2. The effect of inertia

We used the above expressions to model typical m
surements of the van der Waals attraction between surf
in air. The results are shown using representative parame
for the MASIF in Fig. 2. The driving velocities used, 0.1–1
mm s21, span the practical range of the devices. Note tha

is

he

FIG. 2. The deflection due to a van der Waals attraction (A55310219 J!
for the simple spring model. The lowest curve~bold! is the static deflection
x5Fs(h)/k. After the static jump point, where the tangent equals the spr
constant, the continuation of the van der Waals attraction is shown as do
since this unstable region is inaccessible. The MASIF, withR51.45 mm,
m52.035 g, andk587.2 N m21. From top to bottom the driving velocity of
the lower surface is 6.4, 3.2, 1.6, 0.64, 0.32, and 0.16mm s21.
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is the Hamaker constant times the effective radius of
contact region that enters into the surface force law. T
value that we use for this product was determined from
pull-off force ~jump-out distance! in the experiments that we
report later.

It is clear from the figures that in dynamic force me
surement one cannot simply take the measured spring de
tion to be equal to the surface force. One can see that
magnitude of the deflection in a static measurement, w
Fk52Fs , is larger than that in a dynamic measurement, a
that the discrepancy between the two increases with the d
ing velocity. The effect is due to the inertia of the upp
surface, which limits its acceleration in response to the s
face force. Before the system has had time to equalize
surface and spring forces, the lower surface has moved
ther toward the upper one, which decreases the separ
and increases the surface force. In consequence the de
tion in a dynamic measurement always lags that of a st
measurement. The dynamical trajectory of the surfaces m
be taken into account for a quantitative measurement of
surface force.

The present calculations follow the motion of the su
faces into contact. There is a relation between the under
mation of the surface force shown in Fig. 2 and the sta
jump into contact that has previously been used to mea
attractive surface forces.6–8 That jump follows the tangent to
the van der Waals curve at the point of static equilibriu
and as such also underestimates the actual van der W
attraction~shown dotted in the inaccessible region!. Its rela-
tion to the present calculations is that it is the deflection t
would occur for an infinitely slow approach of the low
surface. The underestimation that we discuss here is an
fact of dynamic force measurement that arises from the fi
speed of the approach of the lower surface.

In these calculations we have included the aerodyna
drainage force, even though in air it has very little effect. It
certainly not the cause of the marked underestimation of
attraction. A close inspection of the trajectory for the fast
speed of approach in Fig. 2 shows an initialdecreasein the
magnitude of the deflection.~The trajectory was started from
the equilibrium deflection at 50 nm separation.! This small
additional repulsion is typical of the effects of aerodynam
viscosity in these calculations.

There is a certain ambiguity in the choice of spring co
stant for the MASIF that arises from ignoring the extend
tip, and modeling the cantilever beam as a simple spr
The results shown in Fig. 2 are for the force-measur
spring constant,k587.2 N m21. The sensitivity of the cal-
culations to the spring constant can be gauged from the
that the measured resonant frequency of 66 Hz, in comb
tion with the measured 2 g mass of the tip would, for a
simple coil spring, correspond to a spring constant of 350
m21. However using this value instead ofk587.2 N m21

does not qualitatively change the figure. The deflections
contact for the dynamic trajectories decrease by a facto
1–2, in going from the fastest to the slowest driving spe
and the static van der Waals deflection decreases by ab
factor of 4. This observation confirms our expectation t
using a stiffer spring will minimize artifacts due to inerti
e
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We deal with the issue of the MASIF spring constant
detail in Sec. II B 2.

In summary, inertial effects can be expected to be s
nificant when the collision time is shorter than the period
the resonant vibrations of the loaded cantilever. To quan
this suppose that the spring deflection can be measured
a resolutionDx . Then a change in separation is significa
whenDh5kDx /uF8(h)u, which depends upon the gradient
the surface and drainage force. The time for this chang
separation to occur isD t5Dh / ż. Inertial effects will produce
measurable artifacts when the characteristic time scale o
cantilever is larger than this. It takes a quarter period for
undeflected cantilever to reach its maximum deflecti
where the period of resonant vibrations isT51/f . Hence in
terms of the dimensionless parameter

a[
T

4D t

5
żuF8~h!u

4 f kDx

, ~7!

inertia is measurably significant whena.1. In words, iner-
tia is non-negligible for weak springs, fast driving velocitie
and at separations where the force is rapidly varying. Ine
is unimportant in systems with high enough resonant f
quencies~stiff spring, low mass!. Whether or not it is mea-
surable in a given situation depends upon the resolution w
which the spring deflection can be measured.

B. Cantilever beam

We now explore a more sophisticated model for t
force measuring devices, namely that depicted in Fig. 3
this model we explicitly take into account the fact that t
spring is a cantilever. We shall primarily focus on th
MASIF, which has an extended rigid tip withL1'L0. The
model could also be modified and applied to the rectang
beam cantilevers of the AFM. In this caseL1'L0/15 could
represent the extra rigidity of the end of the cantilever wh

FIG. 3. A more realistic model of the force measuring devices. The lo
surface is mounted on a translator and the upper surface is mounted
cantilever, which consists of a flexible beam of lengthL0, and a rigid tip of
lengthL1. The deflection of the end of the beam isx0, and the deflection of
the end of the tip isx1. The tip makes an angle ofu5(x12x0)/L1 to the
horizontal.~The deflection is greatly exaggerated in the figure; in all ca
x!L, so that tanu5u.! In the absence of any interaction between the s
faces,x15x050. The origin of the coordinate system used for the low
surface is such that the separation between the surfaces ish5x12z. For the
MASIF L1'L0, and for the AFML1!L0.
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the stylus is attached or alternativelyL1'L0/50 could repre-
sent the length of the stylus itself~but at right angles to the
cantilever!. This and similar models21,22are most appropriate
for the analysis of AFM spring constants in static force m
surement. Some of the novel features that we find here
the MASIF ~such as the distinction between the apparent
the actual position of the surfaces and the influence
torque! will also apply to the AFM in the static case, and w
discuss these in detail in the second paper in this serie15

However since the mass of the AFM cantilever is not ne
gible compared to the tip, the dynamical problem sho
really be solved by finite element analysis, which is beyo
the scope of the present investigation.

The important dynamical parameters here are the de
tion of the end of the flexible cantileverx0, the deflection of
the end of the rigid tipx1, and the tangent at the end of th
cantileveru, which equals the angle of the tip. The defle
tions that we deal with are exceedingly small:x0 is typically
on the order of nanometers, whereasL0 is of the order of
millimeters. Hence one can always use the small angle
proximation, which among other things means that

x15x01L1u. ~8!

1. Elastic energy

According to the classical theory of elasticity,23 a force
or a torque applied to a cantilever beam causes it to be
and an amount of elastic energy is stored. In equilibrium
force and torque determine the deflection and angle of
end of the beam, and the elastic energy can be rewritte
terms of these:

Uk~x0 ,u!5
2B

L0
3 ~3x0

223x0L0u1L0
2u2!. ~9!

Here B5EI is the elastic parameter that depends up
Young’s modulus and the geometric second moment of
beam. Differentiating with respect to the deflection gives
force exertedon the end of the beam,

F05S ]U

]x0
D

u

5
2B

L0
3 ~6x023L0u!, ~10!

and differentiating with respect to angle gives the torque

t5S ]U

]u D
x0

5
2B

L0
3 ~2L0

2u23L0x0!. ~11!

These equations may be solved to give the standard exp
sions for the deflection and the angle in terms of the app
force and torque,23

x05
1

2BS 2

3
F0L0

31tL0
2D , ~12!

and

u5
1

2B
~F0L0

212L0t!. ~13!
-
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d
f

.
-
d
d

c-

p-

d,
e
e
in

n
e
e

es-
d

2. The MASIF spring constant

We now digress to discuss in detail the spring const
of the MASIF in light of these results. Confusion or amb
guity arises in this case because of the extended nature o
rigid tip, L1'L0, which is not an important consideration i
the AFM whereL1!L0. The most important quantity for the
measurement of surface forces is the force measuring sp
constant, which may also be called the effective spring c
stant of the device. This may be measured directly by app
ing a forceF1 at the end of the tip~e.g., by hanging smal
masses there! and measuring the deflectionx1 at that posi-
tion. Note that a forceF1 acting on the end of the rigid tip
gives a forceF05F1 and a torquet5L1F1 at the end of the
flexible cantilever. Using the above relationships and the f
that x15x01L1u we have for the force measuring sprin
constant

k5
F1

x1

5F1 Y F 1

2BS 2

3
F0L0

31tL0
2D1

L1

2B
~F0L0

212L0t!G
5BY ~L0

3/31L0
2L11L0L1

2!. ~14!

The beam flexibility parameterB may be determined from
this in terms of the force measuring spring constant and
dimensions of the device, which may be measured.

We confirmed the validity of this model and of th
analysis by carrying out a series of measurements for
MASIF. Briefly, we measuredL05L15 15 mm andk587.2
N m21, which givesB56.631024 J m. For the same canti
lever we then placed masses approximately half way al
the tip, and measured the deflection of the end of the tipx1.
In this case the ratio of the force to the deflection was 124
m21, which gives, using an appropriately modified form
the above formula,B56.931024 J m. These values would
give an ‘‘intrinsic’’ spring constant for the bare cantileve
without its tip of 550–600 N m21.

We performed further measurements on a similar ca
lever, measuring bothx0 andx1 and obtained values ofB in
the range 5 – 631024 J m. These latter measurements we
carried out to check whether there was any rotation of the
about its clamp. We concluded that any such rotation w
small enough to be neglected for the present purposes.
actually developed and solved the equations of motion
this more complicated model of the MASIF, and found th
the results were essentially the same as the ones given b
when no movement of the clamp is allowed.

The difference between the effective spring consta
which is required to measure forces, and the intrinsic spr
constant of the bare cantilever, is a consequence of the
tended rigid tip and the fact that a cantilever spring is us
The leverage of the tip reduces the stiffness of the syst
We emphasize that the piezo-electric bimorphs used in
MASIF do not behave as double cantilever springs, and t
there is no parallel displacement of the surface upon defl
tion. We have confirmed this fact by the above measu
ments, and by analysis of the mechanical and electronic
havior of the device. The importance of the observation
that in calibrating the device the force-measuring spring c
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stant must be obtained in the way described above, and u
any other spring constant will lead to systematic errors in
quantitative estimation of the surface forces.

This point can be made in another way by reference
the resonance frequency of the simple model. The mas
the tip is m52.035 g, and using the measured resona
frequency off 566 Hz, one obtainsm(2p f )25350 N m21,
which is intermediate between the force measuring sp
constant and the bare cantilever spring constant. In o
words, one cannot use the resonant frequency and the si
spring model to deduce the effective spring constant of
device. We return to this point below, but in essence
problem is related to the moment of inertia due to the ang
motion of the extended tip. It does not arise to the sa
extent in the AFM, where resonance methods are commo
used to determine the effective spring constant.24,25

3. Equations of motion

We now need to augment the elastic energy with
equation for the kinetic energy. This is just

T5
1

2E0

L1
r~y!~ ẋ0

21yu̇2!dy

5
1

2S m01
m1

4
D ẋ0

21
1

2

m1

3
S L1u̇1

3

2
ẋ0D 2

. ~15!

Here we have modeled the mass density of the beam an
as consisting of a massm0 at the positiony50 where the tip
is clamped to the beam, and a massm1 uniformly distributed
along the tip,r(y)5m0d(y)1m1 /L1. For the MASIFm0

'm1, and the mass of the beam is negligible. For the AF
the mass of the beammb is significant, and the mass of th
tip is small,m1'mbL1 /L0. The massm0 is somewhat less
than the mass of the beam, and a reasonable approxim
would be to takem0533mb/140, which is the effective mas
used in resonant frequency calculations for rectangular c
tilevers.

The expression for kinetic energy suggests using
generalized coordinates,qa5x0, with conjugate massma

5m01m1/4, and qb5L1u13x0/2, with conjugate mass
mb5m1/3. The latter coordinate can also be writtenqb

5x11x0/2, and hence the separation ish5x12z(t)5qb

2qa/22z(t). In terms of these the elastic energy becom

Uk~qa ,qb!5
2B

L0
3 F3qa

223qa

L0

L1
S qb2

3qa

2
D

1
L0

2

L1
2S qb2

3qa

2
D 2G . ~16!

The Hamiltonian is the sum of the kinetic and potent
energies,H5T1U. Sinceq̇i5]H/]pi , by construction we
have pi5miq̇i , i 5a, b. Newton’s equations then follow
from miq̈i5 ṗi52]H/]qi , where the right side is the gen
eralized force. The cantilever force follows from the deriv
tive of the cantilever potentialUk . For the surface force
ing
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Fs(h)52dUs(h)/dh, we use the fact that]h/]qa521/2,
and that ]h/]qb51, which follow from h5qb2qa/2
2z(t). Hence the equations of motion are

maq̈a5
22B

L0
3 F S 619

L0

L1

1
9L0

2

2L1
2D qa2S 3

L0

L1

13
L0

2

L1
2D qbG

2
1

2
~Fs1Fd!, ~17!

mbq̈b5
22B

L0
3 F2S 3

L0

L1

13
L0

2

L1
2D qa12

L0
2

L1
2

qbG1~Fs1Fd!.

~18!

Note that these equations treat the hydrodynamic force a
it were derivable from a potential. This system is a set of t
coupled second order differential equations. It is straightf
ward to solve these numerically by simple time stepping,
for the simplified model.

4. Resonant frequency

The set of dynamical equations in the absence of surf
or drainage forces may be written in matrix form, and t
eigenvaluesl6 give the resonant frequencies of the norm
modes in the usual fashion,f 65A2l6/2p. It is straightfor-
ward to derive the algebraic expressions for these, but s
they in themselves are unilluminating we do not reprodu
them here. For the case of the MASIF, withL05L1515
mm, m05m151.0 g, andB5731024 J m, we obtainf 1

560 Hz andf 25470 Hz, andk589 N m21. We checked
that our numerical calculations gave the low frequen
mode, which independently verifies our analysis and
implementation, and also the accuracy of our numerics.

The fundamental frequency calculated for the mode
about 10% lower than the measured resonant frequency,
the force-measuring spring constant is about 2% too h
This represents a guide to the accuracy that can be expe
from a comparison of the model calculations with the expe
mental data. In any case the cantilever model of the app
tus yields values that are obviously more consistent with
measured ones than does the simple spring model.

5. Decoupling of the angle and the deflection

Physically the low frequency mode corresponds to
phase oscillation of the beam and of the tip. That is, wh
the deflection is positive so is the angle of the tip. The h
frequency mode corresponds to out of phase oscillation, w
the deflection and the angle being of opposite sign. One
imagine that in the fundamental mode the cantilever be
describes essentially a circular arc, whereas in the hig
harmonic it has an s shape.

The fundamental mode in essence represents the s
equilibrium relationship between the angleu and the deflec-
tion x0 ~in the case of an applied force and no torque!. Even
with the addition of a torque, in equilibrium there is a one
one relationship between the two. That is, since in equi
rium the applied force determines uniquely bo
x05x0(F1), andu5u(F1) @as given above in Eqs.~12! and
~13!, with F05F1 andt5L1F1], then we can equally well
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regardu5u(x0), or x05x0(u). In fact since bothx0 andu
are linearly proportional to the applied force, then they
linearly proportional to each other. This relationship is e
ploited in the AFM where the light lever actually measur
the change in the angle of the tip of the cantilever. By
suming that this is linearly proportional to a change in t
deflection, which it is in a static or steady state situation, o
can calibrate the device as usual.

However the above dynamical considerations show
the angle and the deflection need not always be proporti
to each other. In the case considered above, namely
higher harmonic resonance, they actually had the oppo
sign. We shall shortly use our numerical results to show t
the decoupling of the angle and the deflection can occu
other common situations.

One consequence of this decoupling is that one loses
location of the upper, spring-mounted surface, and he
also the separation. For the AFM, which measures the a
of the tipu, the static equations give for the apparent defl
tion,

x̃1~u!52u
L0

3/31L0
2L11L0L1

2

L0
212L0L1

. ~19!

Here we use a tilde to denote the fact that this is an appa
deflection that relies upon the equilibrium relationship b
tween the angle and the deflection, and that it can only
guaranteed to represent the actual deflection of the cantil
tip in the static or steady state situation.

The other possibility is that one measures the deflec
of the end of the cantileverx0 and one uses the equilibrium
relationship to deduce its apparent angleũ(x0) and hence the
apparent deflection of the tip,x̃1(x0)5x01L1ũ(x0). Explic-
itly,

x̃1~x0!56x0

L0
3/31L0

2L11L0L1
2

2L0
313L0

2L1

. ~20!

We use this second model for the MASIF. In actual fact
charge that develops on the piezo-electric bimorph cantile
used in that device is a functional of the shape of the b
cantilever, and it is a simplification to take the measurem
as entirely due to the deflection of its endx0. Nevertheless it
serves to illustrate the consequences of the decouplin
deflection and angle in dynamic force measurement. In b
cases the apparent separation is of courseh̃5 x̃12z.

We shall show that the decoupling of the angle and
deflection of the cantilever is most apparent in the po
contact experimental data. It is straightforward to calcul
the resonant frequency in this situation. When the surfa
are in contact the deflection is essentially constant, which
the present purposes can be taken asx150. ~The steady
driving of the lower surface does not affect the frequency
the vibrations.! Hence one now has only one degree of fre
dom, since the cantilever deflection and angle must sat
05x01L1u. Eliminatingx0 from the kinetic energy one ha
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T5
1

2S m01
m1

4
D L1

2u̇21
1

2

m1

3
S L1u̇2

3

2
L1u̇ D 2

[
1

2
M u̇2,

~21!

which gives an effective mass of

M5~m01m1/3!L1
2 . ~22!

The cantilever elastic strain energy becomes

Uk5
2B

L0
3 ~3L1

2u213L1L0u21L1
2u2![

1

2
Ku2, ~23!

which gives an effective spring constant

K52
2B

L0
3 ~3L1

213L1L01L1
2!. ~24!

Hence the frequency of vibrations of the cantilever when
surfaces are in contact is

f 5
1

2p
AK

M
. ~25!

For the parameters used to model the MASIF, this givef
5331 Hz, in agreement with our numerical calculations~see
below!.

6. Results

Figure 4 shows the calculated trajectory for the MAS
under the influence of a van der Waals attraction at sev
driving velocities. Both the actual~full curve! and the appar-
ent ~dotted curve! deflection and separation are shown. T
apparent trajectory is calculated from the actual deflection
the cantilever beamx0 and the equilibrium angleũ(x0),
x̃1(x0)5x01L1ũ(x0). Several pertinent features in th
curves are numbered in Fig. 4~a!, which we now discuss in
detail.

At large separations~1! the apparent trajectory coincide
with the actual trajectory, and the negative deflection in t
regime indicates an attraction. As for the simple spring, F
2, at this driving velocity the dynamic deflection conside
ably underestimates that of a static measurement of the
der Waals force. What can also just be made out at la
separations at the slowest driving speed, Fig. 4~c!, is the low
frequency free vibration resonant at 60 Hz. Because the
tial conditions had the surfaces in static equilibrium at 50
separation, the amplitude of these vibrations in these part
lar calculations is rather small.

As the upper surface jumps into contact~2!, there is an
increasing discrepancy between the actual position and
apparent position of the end of the tip. In the inset it can
seen that the surface accelerates into contact. This is sh
by the increasing separation between the squares, which
resent snapshots equally spaced in time. The apparent de
tion is almost constant in this regime for this the fast
driving velocity.

When the surfaces first make contact~3!, the apparent
deflection and separation~4! show a considerable lag.@The
points ~3! and ~4!, indicated by filled symbols, coincide in
time.# In fact, there is an apparentdecreasein the deflection
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and a consequent apparentdecreasein the mutual speed o
approach of the two surfaces up to this point. The differe
between the actual and the apparent behavior of the sur
is due to the rotation of the extended tip about its cente
mass: when the end of the tip accelerates into contact~3!, the
base of the tip where it is clamped to the cantilever actu
moves in the opposite direction~in the frame of reference o
the center of mass of the tip! so thatx0 is approximately
constant, and hence so isx̃1(x0) ~4!.

FIG. 4. The deflection at the end of the tip as a function of separation for
cantilever model of the MASIF (R51.45 mm, m05m151.0 g, L05L1

515 mm, andB5731024 J m!. The bold curve is the static van der Waa
attraction (A55310219 J, k588.9 N m21), the solid curve is the actua
deflectionx1 and separationh, and the dotted curve is the apparent defle

tion x̃1(x0) and apparent separationh̃(x0). The inset shows the jump into
contact on an expanded scale; the symbols are equally spaced in time~dif-
ferent in each figure! with the filled symbols denoting the instant of firs

contact.~a! The driving velocity isż56.4 mm s21, and the spacing betwee
symbols is 0.025 ms,~b! 1.6 mm s21, and 0.075 ms,~c! 0.16mm s21, and
0.1 ms.
e
ce
f

y

After initial contact the surfaces bounce off each oth
~5! in consequence of the elastic effects of the collision~see
below!. The rapid acceleration and change in direction as
ciated with the first bounce is magnified by the appar
motion of the surfaces~6!; the reversal in the rotation of th
tip about its center of mass causes a rapid change inx0 and

hence inx̃1(x0) and h̃(x0). In the absence of the prese
calculations, which show that the surfaces have actually
ready come into contact, this apparent acceleration wo
most likely have been interpreted asthe jump into contact.

It is the top of the kink, where the jump in the appare
trajectory begins, that signifies the instant of initial conta
This is most evident at high driving velocities. At lower ve
locities @Figs. 4~b! and 4~c!# apparent contact can be ident
fied by the increase in acceleration of the surface.

The apparent jump into contact~6! is due to a rapid
acceleration of the end of the cantileverx0, with x1 essen-
tially fixed at contact~the amplitude of the bounces is abo
a nanometer!. The momentum ofx0 causes it to overshoot it
equilibrium position, before decelerating and reversing dir
tion. This simple harmonic motion~7! is the fundamental
vibration of the beam in contact. The frequency of the
vibrations is the 331 Hz calculated above. The fine struct
in the very first period of vibration in Fig. 4~a! reflects the
bouncing of the elastic collision.

These post-contact vibrations give an apparent osc
tion symmetric about the actual contact position. At lo
driving frequencies@Figs. 4~b! and 4~c!#, the amplitude of
the oscillations~half the difference in successive extrema
the apparent separation! is approximately the same as th
position of the jump~3.25 and 3.62 nm, respectively, forż
50.16 mm s21), whereas at high velocities the amplitud
increases and the jump position decreases~4.65 and 2.71 nm,
respectively, atż56.4mm s21).

The amplitude of the vibrations calculated here does
decay because we have not included any dissipative term
our calculations for the motion of the end of the cantilev
x0. The amplitude of the actual bounces~8! decays due to the
dissipative drainage term acting onẋ1. As mentioned above
the bounces arise from the conservation of energy of
elastic collision. The bottom, driving surface acts like
infinitely massive wall. In the moving frame of reference, t
top surface would have enough kinetic energy to escape
potential well of the attractive surface force, if that alo
were acting. Of course energy is continually being stor
and returned, in the increasing deflection of the spring.
ergy is being dissipated by the drainage term that is ass
ated with ẋ1. The former effect causes an increase in f
quency of the bounces, and a small decrease in amplitud
is the dissipative drainage term that is primarily responsi
for the marked decay in the amplitude of the actual boun
~8!. This contrasts with the neglect of any dissipative forc
for the motion of the cantilever itselfẋ0. Since the elastic
energy due to deflections is additive, the only mechanism
the model for damping the vibrations of the beam is via
motion they induce inẋ1, but this is rather weakly coupled
Consequently in this model the amplitude of the appar
oscillations is constant on these time scales. A more real
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model would include the dissipative terms for the motion
the cantilever itself~e.g., Stokes drag! and for the frictional
dissipation due to the consequent shearing and rolling at
tact. The latter is the most important, but modeling it is b
yond the scope of the present paper.

It should be clear that the apparent oscillatory motion
the surfaces due to the cantilever vibrations is not dire
related to the bouncing of the elastic collision of the surfac
Rather the initial transient of the latter serves to stimulate
resonant frequency of the beam with the end of the tip fix
The large amplitude oscillations here do not represent
actual motion of the surfaces, but are rather the appa
motion that results from measuring nothing but the vibrat
of the cantilever. In particular no negative separations
actually occur in this model~infinitely rigid spheres! and
after the bouncing has died down the actual separation
tween the surfaces is approximately the equilibrium sep
tion under zero load,z0/21/350.28 nm. The surfaces are a
tually forced closer than this as the load is increased~positive
deflections! but only by fractions of a nanometer. In practic
modeling the bodies as perfectly rigid spheres is not a g
approximation in the post-contact situation, and we now f
ther refine the model to incorporate the effects of ela
deformation of the surfaces on the collision.

C. Elastic deformation

A complete description of dynamic force measurem
must include the effects of the elastic deformation of
surfaces due to their mutual interaction. Under a van
Waals attraction, the surfaces themselves~as distinct from
the center of mass of the bodies! initially bulge towards each
other before jumping into contact due to an elastic insta
ity. As the surfaces are driven further towards each oth
flattening occurs under the applied load.

It is most important to account for the effects of mutu
elastic deformation of the surfaces just prior to the jump in
contact, and post-contact. We incorporate these effects
the equations of motion using certain analytic approxim
tions for the static force–deformation relation at the co
tinuum level.26–28~Molecular level calculations of elastic de
formation under van der Waals interactions have b
carried out by Tanget al.29! First we need to distinguish
between the physical separation of the surfaces of the
formed bodies, which we shall denote byH, and the so-
called undeformed separationh. For the perfectly rigid
spheres used above the two coincide. For deformable
facesh is the separation that the surfaces would have in
absence of any interaction; for the two spheres used here
the distance between their centers minus twice their nat
radius. On physical grounds one must always haveH.0.
~The location of the surfaces is defined by the zero of se
ration that appears in the surface force law.! On the other
hand it is permissible forh to be negative. A negative valu
indicates that in the absence of any surface force or de
mation the surfaces would have interpenetrated. The ce
deformation is d5H2h: a negative deformation corre
sponds to the precontact bulge, and a positive deforma
corresponds to flattening under an applied load. The eq
f
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tions of motion, Eqs.~16! and ~17! above, give the unde
formed separationh5x12z(t). The precontact surface an
drainage force is however now given byF(H), not F(h),
and it remains to be shown how to calculate the phys
separationH and the deformationd. Post-contact we use th
latter to calculate the force due to elastic deformation.

For the precontact situation we shall use the analy
approximations of Attard and Parker.27,28 For the van der
Waals attraction, the deformation prior to the jump into co
tact is given by27

d52AR
A

8

12n2

E
H25/2, ~26!

whereE is Young’s modulus andn is Poisson’s ratio.~This
uses only the attractiveH22 part of the van der Waals forc
since the short-range repulsion is negligible prior to the ju
into contact; it would be straightforward to use the who
force law27.! This result gives the deformation as a functio
of the actual separationH, but the quantity that we actually
know at any instant is the undeformed separationh(t) ~from
the numerical solution of the equations of motion up to t
point!. However we have another equation that relates
two unknowns, namelyd5H2h. Hence we have two equa
tions in two unknowns, which are easily solved by simp
iteration; in practice two iterates sufficed.

Under an attractive surface force there is an elastic
stability that causes the surfaces themselves~as distinct from
the centers of the two spheres! to jump into contact. This
so-called jump separation is given by27

H* 5S AR
3A

8

12n2

E
D 2/7

. ~27!

Our strategy then is to solve the equations of motion up u
the jump separation using the surface and drainage fo
calculated at the physical~deformed! surface separation, a
just described.

At the jump separation we assume that the physical s
faces instantly jump into contact,H5H0[z0/21/3. The justi-
fication for the first assumption is that since it is only
surface jump, the mass associated with it is infinitesim
compared to the mass of the bodies and the tip, and hen
occurs on a much faster scale than any other motion.
justification for the second assumption is that the act
physical separation of the surfaces in contact is alw
within some tens of picometers of the mutual equilibriu
separation of planes, even under much higher loads than
applied here.27

In this post-contact situation we shall use the approxim
tion due to Johnson, Kendall, and Roberts~JKR!.26 This
gives the elastic deformationd and the radius of the flattene
circular contact region,a6 , due to an applied loadFd ,

a6
3 5

3~12n2!R

4E
@Fd13pgR/2

6A3pgRFd1~3pgR/2!2#, ~28!

and
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d65
2a6

2

R
2A4pga6~12n2!

E
. ~29!

For the van der Waals attraction used here, the surface
ergy isg5A/16pz0

2.0. These two equations give the defo
mation as a function of the forced(Fd) via the intermediary
of a6 , which is discussed below. It is numerically straigh
forward to invert the relationship to obtainFd(d). The de-
formation force represents the force exerted on the up
body by the lower driving body, which causes both to d
form by a total amountd. The deformation must of course b
calculated as part of the motion.

The modified forms of the equations of motion Eqs.~17!
and ~18! are

maq̈a5
22B

L0
3 F S 619

L0

L1

1
9L0

2

2L1
2D qa2S 3

L0

L1

13
L0

2

L1
2D qbG

2
1

2
F~H !, ~30!

mbq̈b5
22B

L0
3 F2S 3

L0

L1

13
L0

2

L1
2D qa12

L0
2

L1
2

qbG1F~H !,

~31!

where

F~H !5H Fs~H !1Fd~H,Ḣ !, H.H*

Fd~d!1Fd~H0 ,ż2 ẋ1!, H,H* .
~32!

In essence one has three unknowns:h, H, andd. The equa-
tions of motion give the trajectory ofh(t). For the current
value ofh(t), prior to contact one simultaneously solves t
two deformation equations, Eq.~26! andd5H2h(t). Hence
one calculatesh(t1D t) from the equations of motion. In th
post-contact situation one hasH5H0, and hence for the cur
rent h(t) the central deformation isd5H02h(t). From the
JKR expressions, Eqs.~28! and ~29!, one calculatesFd(d)
and henceh(t1D t) from the equations of motion.

As mentioned above, prior to contact the deformat
equation~26! was solved by simple iteration. Post-conta
the JKR expressions, which gived(Fd), were solved for
Fd(d) by binary search at each time step. In general
positive root for the contact radius is chosen; immediat
after the jump into contact it may be necessary to choose
negative root in order to obtain the necessary deformat
More precisely, on the positive brancha1 , the deformation
decreaseswith decreasingload for loading forces greate
than the so-called controlled force pull-off force,Fd

523pgR/4. If one requires an even smaller, more negat
deformation than at this point~a larger extension since the
surfaces are here under tension! one must go to the negativ
brancha2 , where the deformationdecreasesunderincreas-
ing load up until the so-called controlled deformation pu
off force, Fd525pgR/12. Immediately after the jump into
contact the extension could possibly be larger than the m
mum predicted by the JKR approximation. If this shou
n-
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n
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occur one would use the controlled deformation pull-o
value as the elastic force until the extension decreased s
ciently to use the algorithm just described.

Our treatment of the post-contact situation involves
number of simplifying assumptions. Although these are d
namic calculations, we use the equilibrium relationship b
tween the deformation and the applied forces. This is lik
appropriate given that such a small fraction of the total m
is involved in the actual deformation. A related conseque
of this assumption is that there is no pinning of the cont
line as the two solid surfaces spread on each other, and
the motion of the line is reversible. This assumption is i
plicit in the JKR theory, in which there is no hysteresis, a
is therefore consistent with the present level of analy
However one should be aware that in practice soft adhe
bodies do show hysteresis in the loading–unloading cy
Sophisticated numerical calculations show that hyster
sets in for values of the characteristic elasticity and adhes
parameters[gAR/2z0

3(12n2)/E around unity.27 In the
present calculationss55, and so using the JKR approxima
tion limits the quantitative accuracy of the comparison w
experiment in this regime. Finally, and related to the negl
of hysteresis, is the neglect of friction and other dissipat
mechanisms in the post-contact mutual wetting of the s
faces. To compensate for this somewhat we have retained
drainage term in the equations of motion,Fd@H0 ,ż2 ẋ1(t)#,
which at some level represents the situation at the circum
ence of the contact region.

For the parameters used here [A55310219 J, z0

50.35 nm, R51.45 mm, and the elasticity of glass
E/(12n2)5631010 N m22] the equations of Attard and
Parker27 give the jump into contact asH* 51.46 nm and the
bulge at the jump asd* 520.49 nm, which give an unde
formed surface separation ofh* 51.95 nm. Using the surface
energy for the model (g50.08 J m22), after contact the
flattening under zero load amounts tod53.3 nm, according
to the JKR result.26 As we shall see the amount of flattenin
changes little under the loads applied in a typical experime

1. Results

In this section, which presents the results of our analy
of the effects of elastic deformation, it is important to disti
guish between thephysical trajectory, which is that of the
deformed surfaces themselves, theactual trajectory, which is
the motion of the undeformed surfaces, and theapparent
trajectory, which is the motion of the undeformed surfac
deduced from the deflection of the end of the cantilever.

Figure 5 shows the effect of mutual elastic deformati
on dynamical force measurements in the MASIF. Essenti
four features emerge upon comparison with the respec
results in Fig. 4: the more well-defined kink marking th
apparent jump into contact at higher driving speeds, the
creased amplitude of the vibrations of the cantilever in c
tact, the negative actual undeformed separation post-con
and the elastic vibrations in contact.

The kink in the apparent separation that denotes ini
contact is much more marked in Fig. 5~a! than in Fig. 4~a!.
Indeed, the apparentincrease in separation andpositive
change in the deflection can still be seen at the slower d
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ing speed of 1.6mm s21 @Fig. 5~B!#. Prior to the surface
jump separationH* , the van der Waals attraction is larg
than in the undeformed case@Fs(H* )/Fs(h* )51.8#, but be-
cause of the high driving speed the deflection is little
fected by this. The real change occurs when the surfa
have jumped into contact and spread on each other. The
an instantaneous increase in the attractive force that is m
fest by the change in slope of the actual trajectory at
undeformed separationh* 51.95 nm. The rapid acceleratio
of the tip in response to this much larger force cause
rotation about its center of mass that in this case is so ra
that the position of the clampx0 actually moves in the op
posite directionin the laboratory frame, which causes the
apparent increase in separation and a positive increme
the apparent deflection. At the highest driving veloci

FIG. 5. Tip deflection for the same parameters and respective driving
locities as the preceding figure, but taking into account the elastic defo
tion of the surfaces [E/(12n2)5631010 N m22]. The abscissa is the un
deformed separation, either actual~full curve! or apparent~dotted curve!.
-
es
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ni-
e

a
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where prior toh* the total negative apparent deflection
small, the increment is sufficient to make the apparent

flection x̃1(x0) positive. By the conventional static interpre
tation, this positive deflection would be interpreted as a
pulsive force. In fact of course it is a consequence of
extremely strong van der Waals attraction approaching c
tact, and of the dynamics of the force measuring proced

As mentioned above the base of the kink correspond
the surface jump into contact. The top of the kink corr
sponds to the next change in direction of the motion of
actual bodies, which occurs at the deepest penetra
[h526.32 nm in Fig. 5~a!#. This change in direction ofx1 is
levered by the length of the tip and produces the chang
motion of x0, which is the transient that induces the vibr
tions in the cantilever beam. The amplitudes of these vib
tions are much larger in Fig. 5 than in Fig. 4, due essentia
to the greater amount of energy being available in the
formed case. The van der Waals potential energy that is c
verted into kinetic energy by the collision is essentially t
surface energy times the contact area; the latter is m
larger for the mutually flattened deformed bodies than it is
deformation is not allowed. The amplitude of the appar
oscillations~half the difference between successive extre
in the apparent separation! is 9.4 nm at the fastest driving
velocity @6.4 mm s21, Fig. 5~a!#, and 8.8–8.7 nm for all the
other speeds examined~3.2–0.16mm s21). This may be
compared to the amplitude in the absence of deformat
Figs. 4, namely 4.7–3.2 nm. Hence not only is the amplitu
of the apparent oscillations larger, but they also are less
pendent on the driving velocity when deformation is tak
into account. The frequency of the vibrations is of cour
still close to the calculated resonance of the beam in cont
namely 331 Hz.

Turning now to the actual undeformed separation, w
is noticeable in Fig. 5 compared to Fig. 4 is the negat
values. In particular, for high loads~large positive deflec-
tions! the actual undeformed separation is close to23.3 nm.
This represents flattening of the surfaces from their
stressed spherical shape; the amount of deformationd
5h2H0523.3– 0.3523.6 nm. Except for immediately
following the surface jump into contact, the flattening hard
changes at all over the range of loads in the figures.@Figures
5~b! and 5~c! show only tensions, but we have performed t
calculations up to positive loads corresponding to deflecti
on the order of 102 nm, with little change. We shall show
below that the effective spring constant for elastic deform
tion under positive load is on the order of 105 N m21.#
Hence the primary effect of deformation is a shift in the ze
of the undeformed actual separation compared to the ph
cal separation.

After the surfaces of the bodies have jumped into co
tact, the position of the center of mass of the bodies~which
corresponds toh and x1) oscillates about the eventual fla
tened positionh523.3 nm. ~Just after initial contact the
center line of the oscillations is at more positive deform
tions and shows noticeable curvature.! These oscillations are
the analogue of the bouncing of the rigid bodies of Fig.
and as in that case they are a consequence of conservati
energy in the collision. Since the physical surface separa

e-
a-
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is fixed atH0, the post-contact oscillations represent elas
vibrations of the bodies. The deformation changes alterna
from flattened to extended as the centers of mass appr
and recede from each other with their surfaces fixed in c
tact.

The frequency of the elastic vibrations may be calcula
using an effective spring constant. This arises from the e
ticity of the bodies and is defined by

ke5
dFd

dd
5S da

dFd

dd

daD 21

. ~33!

This equation for the effective spring constant of complia
bodies is of a general character, that can be used to co
static surface force measurements for the post-contact s
tion. In the precontact situation Parker and Attard28,30 have
mapped the undeformed surface separation to the phy
surface separation by using the measured force and an e
tive spring constant for the elastic bodies.

The JKR expression may be used to evaluate this eq
tion. For moderate compressions one can expand abou
result for zero load. Using the contact area under zero lo

a05@9pgR2~12n2!/4E#1/3, ~34!

one has

dd

da
5

4a0

R
2Apg~12n2!

a0E
, ~35!

and

da

dFd

5
R~12n2!

2Ea0
2

. ~36!

For the present parameters [E/(12n2)5631010 N m22, R
51.45 mm,g50.8 J m22] this giveske5105 N m21. ~This
is relatively constant with increasing load, but is about 30
smaller at the maximum tension.! This is much higher than
the force-measuring spring constant,k589 N m21 ~which
justifies the above statement that the primary static effec
elastic deformation is to shift the zero of separation!, and we
need not consider the latter further. In fact we can imag
that the base of the tipx0 is fixed ~because the frequency o
these elastic vibrations is so much higher than the reso
frequency of the cantilever! and so the effective mass for th
elastic vibrations is essentially the moment of inertia of
tip rotating about its basem1/3. This gives for the frequency
of the elastic vibrationsf 5(1/2p)A3ke /m152.7 kHz. The
numerical calculations in Fig. 5 give 2.8 kHz, which co
firms their accuracy and validity.

III. EXPERIMENT

Measurements were made of the van der Waals fo
between glass surfaces in air, using the MASIF, which
previously been described in detail.1 The surfaces were mad
by melting the ends of Pyrex rods to form spherical ca
The caps are of uniform curvature and molecularly smoo1

and their average radius was measured to be 1.045 mm.
force measuring spring constant was 87.2 N m21, which was
determined gravitationally as described above. The posi
c
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of the piezo-mounted driving surface was measured wit
linearly variable distance transducer, using a polynomial
as described previously.1 The bimorph response was cal
brated in the constant compliance regime as usual. No
tempt was made to control the humidity in the experime
reported below.

Figure 6 shows dynamic force measurements of the
der Waals attraction using the MASIF. In all we measur

FIG. 6. Dynamic force measurement using the MASIF of the van der Wa
interaction between glass surfaces in air. In the main figure the experim
data~dotted curve! have been smoothed with a seven point moving avera
The apparent deflection is inferred from the bimorph voltage, as calibr
in the constant compliance regime under steady driving conditions. The
of the undeformed apparent separation has been set equal to23.5 nm, as
calculated using JKR theory. The bold curve is the static deflection du
the van der Waals attraction (A55310219 J, R51.45 mm, k587.2 N
m21). The inset shows the jump into contact on an expanded scale;
symbols are actual data, measured at equal time intervals~different in each

figure!. ~a! The driving velocity isż56.11mm s21, and a datum is measure
every 0.1 ms,~b! 1.57mm s21, and 0.2 ms,~c! 0.16mm s21, and 2 ms.
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forces at six different driving speeds, with 4–8 repeat exp
ments in each case. The present selection spans the dyn
range that we measured, and the data are typical of the
sults that we obtained. All of the features found in the the
retical modeling occurred consistently in the dynamic fo
measurements. Features that can be seen in the figure
clude the lack of a measurable attraction approaching con

and the noticeable kink at abouth̃515 nm, particularly at the
highest driving velocities, and, in addition, the extreme
rapid apparent jump into contact and the large amplitu
postcontact oscillations.

At high speeds of approach, Fig. 6~a!, there is no evi-
dence of the van der Waals attraction at large separati
This is consistent with Figs. 4~a! and 5~b!, which predict a
deflection of about 1 nm prior to the kink. The noise level
the device due to mechanical vibrations is in these partic
experiments of similar magnitude, which makes it difficult
discern unambiguously such a weak precontact attract
Here the noise induces two resonant vibrations: one at 66
and the other at 24 Hz.~There is also electrical noise o
much higher frequency.! The higher resonance is just th
fundamental resonant frequency of the cantilever, and at
velocity it corresponds to 48 nm per period. The low fr
quency resonance appears to be one of the modes o
whole apparatus bouncing on its elastic cords. The data ly
above the abscissa between 20 and 50 nm in Fig. 6~a! result
from the combination of the two motions. It is not possible
shield completely the device from mechanical or acou
noise. Due to the low viscosity of air these resonances do
decay as rapidly as they do in liquids, which limits the a
curacy that can be achieved in these particular meas
ments.

The apparatus resonance is more evident in Fig. 6~b!,
~65 nm per period! with the cantilever resonance~24 nm per
period! superimposed. In Fig. 6~c! the apparatus resonance
very well defined~6.6 nm per period!, whereas the funda
mental resonance of the cantilever has been suppressed
figures by the seven-point moving average that was use
smooth the data.~In this case the seven points span 12 m
which is almost the period of the resonant vibrations, 15 m!
The data taken at the slowest driving speed@Fig. 6~c!# clearly
shows the van der Waals interaction between the two
faces at long range. Between 20 and 35 nm there is a no
able decrease in the amplitude of the mechanical vibratio
the cantilever as the van der Waals interaction couples
two surfaces. The results are consistent with Fig. 5~c!, where
it can be seen that the surfaces do indeed interact at
range at this slow speed of approach. The van der W
attraction prior to contact is also manifest in Fig. 6~c! by the
close agreement of the measured data with the calcul
static van der Waals deflection down to 10 nm. According
Fig. 5~c!, at about this point the effects of inertia becom
evident and one begins to see a discrepancy between
static and dynamic deflections. The inset of Fig. 6~c! graphi-
cally shows the measured jump into contact; in this regi
the apparent deflection is close to the actual deflection@Fig.
5~c!#. @Note that the seven-point smoothing in the main p
of Fig. 6~c! is a little misleading around contact because
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low sampling rate means that the few data points ill defi
the rapid variations#.

The apparent jump into contact is preceded by a k
that is most evident at the highest driving speed. Close
spection of the inset of Fig. 6~a! shows that the kink is very
well defined and significantly above the noise levels of
device. The height of the kink is about 5 nm, compared t
nm calculated in Fig. 5~a!. ~The discrepancy between th
calculated and measured apparent amplitudes is discu
below.! This kink that signifies the instant of actual conta
was present in all the experiments that we performed at h
driving velocities.

The physical elastic bounces are not directly measure
Fig. 6~a! ~in the sense that it is the apparent, not the actu
deflection that is measured!. Nevertheless, just as they appe
in Fig. 5~a!, the effects of several of the elastic bounces
visible, superimposed on the first vibration of the cantilev
The time of the first elastic bounce, from the top of the ki
to the paired points half way down the apparent jump in
contact, is five data points or 0.4 ms, giving a frequency
2.5 kHz. ~The time between successive data samples is
ms in this case.! Alternatively, one can make out the firs

three bounces at (h̃,x̃1)5 ~0,215!, ~220,225!, and ~210
nm,215 nm!, which correspond to the three appare

bounces in Fig. 5~a! at (h̃,x̃1)5 ~23,25!, ~29,29!, and
~212 nm,28 nm!, respectively. The 12 data points that d
fine these three bounces give a frequency of 3/(1130.1)
52.7 kHz, which is in embarrassingly good agreement w
the 2.8 kHz of Fig. 5, and the 2.7 kHz calculated from t
effective elastic spring constant for the bodies, Eqs.~33!–
~36!.

We measure the frequency of the post-contact vibrati
of Fig. 6 and our other data to be about 350 Hz.@The 2 ms
sampling of Fig 6~c! is too coarse to give the post-conta
oscillations reliably.# This is in good agreement with the fun
damental vibration of the cantilever beam with the tip fix
in contact, calculated to be 331 Hz,@Eq. ~25!, Figs. 4 and 5#.
This confirms the validity of our model of dynamic forc
measurement, including the distinction that we make
tween the actual and the apparent deflections. The fact
the measurements really give the latter quantity is shown
the harmony between the frequency of cantilever reson
vibrations and the measured post-contact oscillations.

One can identify at least two further similarities betwe
the calculations and the measurements. These concern
qualitative dependence of the amplitude of the post-con
oscillations on the driving velocity. First, in going from th

fastest to the slowest driving velocity (ż5 6.4, 0.16mm
s21), the calculated amplitude decreases,~9.4, 8.7 nm!, as
does the measured one~20, 15 nm!. This decrease is due t
the lower kinetic energy of the collision. Second, the app
ent separation at which the kink occurs is less than the m
mum post-contact apparent separation~which occurs at the
end of the first vibration! in both the theoretical calculation
~Fig. 5! and in the measured data~Fig. 6!. In both cases the
discrepancy between the two decreases with decreasing
ing velocity; in the slowest case@Figs. 5~c! and 6~c!# the two
are approximately equal.
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The amplitudes of the calculated and measured p
contact vibrations are not in quantitative agreement. In
5~a! it is 9.4 nm, whereas in Fig 6~a! it is 20 nm.@Note that
the running average used to smooth the experimental da
the main figures diminishes the amplitude of the post-con
vibrations; the value of 20 nm comes from the inset of F
6~a!, and repeat measurements not reproduced here#. The
main reason for the discrepancy appears to be the over
plification in the calculation of the apparent deflectio

x̃1(x0), namely that the bimorph response was taken to
solely proportional to the deflection of its endx0. In reality
the voltage produced by the bimorph will be a functional
its shape, which includes, but is not restricted to, the defl
tion of its end. A second contribution to the discrepan
between the magnitude of the calculated and measured
plitudes is the use of the JKR approximation to estimate
adhesion and deformation of the bodies. As shown by Att
and Parker,27 this approximation has restricted accuracy
the regime of these particular experiments, (s55).

Another difference between the calculations and
measurements is the decay of the vibrations. The meas
amplitudes decay relatively quickly; at the highest drivi
velocity the amplitude has decreased by 25% after four
brations. In contrast the calculated amplitudes do not de
noticeably at all. We carried out some calculations invok
Stokes drag for the motion of the cantilever~in addition to
the drainage dissipation due to the motion of the surfac!
but the effect was almost negligible. It appears that the r
son for the difference is that in the model the coupling b
tween the cantilever and the motion of the surfaces o
includes the motion ofx1. One should also include the con
tribution due to changing the angleu, since the cantilever
vibrations represent variations in the angle at constant
flection. In other words, the elastic force that we take fro
JKR theory is for a normal load, so that it is derived from
elastic potential that depends only upon the central defor
tion which in turn depends only upon the deflectionUd(x1).
In reality the change in angle of the tip as the cantile
vibrates represents the application of an additional torq
and one should really deal withUd(x1 ,u), in which case the
contact region is no longer circular. Including this increas
more realistic coupling of the cantilever motion to the s
face motion and deformation in the model calculatio
would dissipate the energy of the cantilever vibrations m
efficiently, causing their amplitude to decay as is observe
the experiments.

A final phenomenon that was not included in the the
retical calculations is the possibility of capillary condens
tion, which could occur because the experiments were
formed without controlling the humidity. It is possible that
molecularly thin wetting layer of water has condensed
each surface and that their interaction contributes to the m
surements. It is also possible that a water bridge could c
dense during the force measuring process itself, drawing
surfaces into contact, depending upon the rates of diffus
in the region between the two surfaces. We have no di
evidence for either of these possibilities, but neither can
rule them out. It is known that capillary condensation occ
around the perimeter of the contact zone after the surfa
t-
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have come into contact. This will primarily affect the adh
sion and the pull-off force, which are not our main conce
here.

Although the theory underestimates the amplitude,
calculations qualitatively account for the behavior of t
post-contact apparent oscillations in the experiments.
theory may be described as quantitative in its description
the various frequencies: the predicted and measured el
vibrations are in harmony, and the calculated and actual c
tilever frequencies are consonant. The broad agreemen
tween the theory and the experiments validates the pre
model of the dynamic force measuring process. The calc
tions offer a clear physical interpretation of the various fe
tures of the measured data, demonstrating that the lac
precontact attraction is an inertial effect, and quantifying
conceptual distinction between the apparent and the ac
deflection and separation.

IV. DISCUSSION

Dynamic surface force measurements potentially su
from a number of artifacts, but they also offer certain opp
tunities not available to conventional static measureme
On the negative side, inertia causes the deflection of the
tilever or force measuring spring to be less than it would
for a static or equilibrium measurement. Hence simply equ
ing the measured deflection to the surface force~i.e.,
Hooke’s law! will underestimate the magnitude of the latt
in those cases where inertia is significant. As shown in
text, Eq. ~7!, it is not permissible to use Hooke’s law fo
massive bodies and weak springs~low resonant frequencies!
or for fast driving velocities, or in regions of rapidly chang
ing forces, or when high precision is required.

Related to inertia, and similarly problematic, is the d
namic decoupling of deflection and angle of the force m
suring cantilever. In the static or steady state situation va
tions in each are linearly proportional, and hence one can
deduced from the other. This is not the case when accel
tion occurs, and the consequence of measuring only
angle, for example, is the inability to deduce the deflecti
In other words, one cannot apply the calibration factor d
duced in the steady state constant compliance region to
transient, dynamic regime. Dynamic decoupling causes
certainty about the separation and the force between the
faces.

These two problems~inertia and dynamic decoupling!
can be overcome by solving the equations of motion of
system. This allows the surface force to be measured
fitting the calculated trajectory to the measured one.
though obviously less convenient than a static force m
surement, where one simply equates the surface force to
measured deflection via Hooke’s law, it does provide
workable solution in those situations where inertial effe
cannot be avoided. This approach was taken here for the
der Waals force, which was measured between glass surf
in air. We found that a value of the Hamaker constant o
310219 J was able to describe our data for a range of driv
velocities.

One of the benefits of dynamic surface force measu
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ment is the new area of research that it opens up. What
is now able to do is to monitor the dynamics of a collisi
between moving bodies at the molecular level. Hence
results obtained in the present paper are in fact a meas
ment of an elastic collision between two adhesive sphe
With a high sampling rate we were able to see the defor
tion and mutual wetting of the surfaces, and the elastic
brations induced by the collision. The collision process
depicted in Fig. 7. Movement of the upper body prior
contact, evident for a slow collision, does not occur for a f
collision due to inertia. In both cases however the bod
mutually adhere after the collision, and the contact reg
becomes flattened. The collision induces elastic vibration
the bodies, the amplitude of which depends upon the v
lence of the collision.

The frequency of these vibrations depends upon the e
ticity of the bodies. Hence it would be possible to use
data as a direct measurement of Young’s modulus. We h
performed such measurements for polymer spheres, w
show low frequency, large amplitude vibrations due to th
high flexibility. We shall report the results in due course.

FIG. 7. Two adhesive elastic spheres colliding. The snapshots repre
equal time slices, with the lower sphere moving at constant velocity.
initially stationary upper sphere is mounted on a spring: deflection below
bold line corresponds to an attraction, and deflection above to a repulsio
the lower sequence the collision occurs sufficiently slowly that the van
Waals attraction is measurable. In the upper sequence the lower sph
moving twice as fast and the upper sphere does not have time to respo
the attraction. The collision induces elastic vibrations in the spheres, w
is manifest as an oscillatory deflection of the spring superimposed upon
linearly increasing repulsion~constant compliance!.
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the second article in this series,15 where we deal with the
atomic force microscope, we address the role of friction
dynamic surface force measurement.
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