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Interaction and Deformation of Viscoelastic Particles. 2.
Adhesive Particles
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Analyzed is the mutual deformation of adhesive particles that interact with van der Waals forces using
a viscoelastic theory that accounts for the time dependence of the phenomenon. The particle shape and
interaction is calculated self-consistently for finite-ranged forces. Typical loading—unloading trajectories
display hysteresis that increases with driving velocity, as does the particles’ adhesion. An analytic
approximation that accounts for the precontact deformation is tested against the exact numerical benchmarks

and found to be accurate.

Introduction

All solids are elastic, some greatly so, and when they
interact they necessarily deform. All solids also experience
van der Waals forces, which give rise to attractive
interactions and adhesion. The deformation and forces
are intrinsically related, and both are large in the region
where the surface separation is small. The mutual
attraction of solids can be so great as to cause a noticeably
flattened contact region whose area is in essence deter-
mined by the balance of negative surface energies and
positive elastic energies. Such observations have formed
the basis for the two widely used theories for particle
adhesion, Johnson—Kendall—Roberts (JKR)! and Der-
jaguin—Muller—Toporov (DMT),? which predict that the
adhesion should be proportional to the particle radius and
surface energy density and that it is independent of the
elasticity.

Both JKR and DMT are contact theories that ignore
the finite range of the van der Waals interactions. JKR
theory in particular ascribes a constant surface energy to
the contact region and zero surface energy beyond it. In
reality, the contact region has nonzero curvature, which
means that the van der Waals energy varies across it, and
there isanonzero interaction between the surfaces beyond
the contact region because of the extended range of the
van der Waals forces. A further limitation of JKR theory
is that it invokes a pressure profile that becomes infinite
at the edge of the flattened contact region, whereas on
physical grounds the pressure must always remain finite.
Derjaguin et al.? avoided the pressure singularity and
attempted to take the finite range of the surface force into
account by approximating the surface shape as that given
by Hertz theory for nonadhesive particles. More sophis-
ticated treatments have treated the deformation and finite-
ranged interaction self-consistently by numerically cal-
culating the surface shape and the local pressure, which
depends on the local separation.®~'3 These treatments
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suggest that DMT theory is applicable for hard particles
with weak interactions and that JKR theory is most
relevant for soft, highly adhesive particles.

The difficulty with this simple picture is that as solids
become more deformable, they necessarily become more
susceptible to viscous and dissipative effects. That is,
continuum elasticity theories cannot be applied to very
soft materials and instead one has to account for their
viscoelastic properties, which among other things means
that their deformation becomes time and history depend-
ent. There is overwhelming experimental evidence that
the behavior of soft adhesive solids is hysteretic (e.g., see
refs 14—21). The facts that the loading and unloading
branches do not coincide and that the adhesion depends
on the speed of the measurement rules out the application
of JKR theory to such materials.

This paper on the viscoelastic problem is motivated by
earlier elastic results of the author,® which found for soft
solids hysteresis in the force curves and variability in the
adhesion. The implication of the result is that JKR theory
becomes practically inapplicable in this regime (see the
experimental works discussed above). Most recently,
Attard'?1® has identified the rate dependence of the
phenomenon and showed that the adhesion increased with
velocity. These calculations were based upon the earlier
continuum elasticity theory, which limited the quantita-
tive interpretation of the results.

The present paper is the second in a series for the
interaction of viscoelastic particles. The first paper??
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treated nonadhesive particles that interact with electric
double layer forces. This paper deals with adhesive
particles that interact with van der Waals forces, and it
takes into account the nonzero range of their interaction.
This distinguishes the present approach from earlier
contact theories for adhesive viscoelastic particles. The
latter may be divided into two groups: ad hoc formulations
that simply modify JKR theory with asomewhat ill-defined
time-dependent surface energy'*23-25 and theories that
are more soundly based on the so-called correspondence
principle for viscoelastic deformation.?®?” The present
paper is likewise based on the latter principle and goes
beyond the earlier work in two ways. It avoids the contact
approximation by using realistic surface forces, and it
treats loading and unloading on an equal footing. (The
algorithm can in fact deal with an arbitrary trajectory.??)
In summary, the problem treated here is the deformation
and adhesion of two convex viscoelastic particles that
interact with van der Waals forces of nonzero range and
that are driven together and pulled apart at a uniform
velocity.

I. Model and Analysis

A. Viscoelasticity. Viscoelastic materials may be
treated by replacing the material parameters of continuum
elasticity theory by time-dependent quantities. Using the
so-called correspondence principle, the deformation is now
given by a time convolution integral in addition to the
usual spatial convolution integral over the kernel of
continuum elasticity.

For the case of two convex bodies, the separation
between their undeformed surfaces at a distance r from
the axis is given by hy(r) = ho + r?/2R, where R = (R;?
+ Rx Y tis the effective radius of the solids. In the case
of deformation, the actual local surface separation may
be written

h(r) = ho(r) — u(r) )

The quantity ho = ho(0), which may be positive or negative,
is here called the nominal separation, and h = h(0), which
must be positive, is called the actual separation. The
quantity u = u(0) is called the central deformation (or
simply deformation); it is negative when the surfaces are
flattened under a positive load, and it is positive when
they bulge toward each other or adhere under tension.
Invoking the elastic half-space approximation, in con-
tinuum linear elasticity theory, the total elastic deforma-
tion is given by%3t

h
ot = 22 fas 20D o

where the elasticity parameter isgiven in terms of Young's
modulus and Poisson’s ratio of the bodies, 2/E = (1 — v;?)/
E: + (1 — v?)/E,, and where the kernel is expressible in
terms of the complete elliptic integral of the first kind.®3!
The integral is over the two-dimensional plane that bisects
the bodies, and the element of area is ds = 2xs ds. Here,
p(h) is the pressure between two infinite planes at a
separation h; in the present case, it is taken to have a van
der Waals form (see below).
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According to the correspondence principle, the gener-
alization of this to viscoelastic materials is?226-29

oty =2 p(h(s, t))
_ﬂodtnE(t_t,)fds Ty (3)

where p(h(r, t)) = p'(h(r, Y))h(r, t) is the time rate of change
of the pressure. This assumes that the particles are
stationary up totime to, h(r,t) =0, t < to, and, ifinteracting
or in contact, have at that time fixed deformation u(r, to)
= U«(r, to), corresponding to static elastic equilibrium. This
expression manifests the fact that viscoelastic deformation
involves a time integral over the previous history of the
material, and it may be verified that this reduces to the
static elastic result when E(t) = const.

The effective viscoelastic Young's modulus is time
dependent, and its reciprocal is sometimes called the creep
compliance function, C(t) = 1/E(t). (Note that the effective
viscoelastic modulus E(t) should not be confused with the
so-called relaxation function, which is the integral operator
inverse of the creep compliance function.?”) In general,
the instantaneous elastic modulus characterizes the short-
time behavior of viscoelastic materials, C(t) — 1/Eo, t —
0, and the infinite-time elastic modulus characterizes their
long-time behavior, C(t) — 1/E., t — . Viscoelastic
materials are initially stiff and soften over time, Eo > E.,
which is often called relaxation or creep. The simplest
type of viscoelastic material is characterized by the two
elastic limits and a characteristic relaxation time z,

u(r, t) — u(r, ty)

1 1, E.—Ey
_:—+— T 4
EQ E. EE. ° @

Materials of this sort are analyzed in detail here, although
it is straightforward to modify the algorithm to deal with
materials with multiple relaxation times.?? In principle,
the method can also deal with qualitatively different
viscoelastic behavior, such as the liquidlike materials
studied by Schapery®® and by Hui et al.,?s C(t) = Co +
Cit™, 0 < m < 1, which corresponds to E., = 0.

For the creep compliance functions of the type given in
eq 4, it is advantageous to differentiate the deformation
equation. This yields??

u(r, t) u,(r, t)] —

h
2 [e:60)

= —Hu(r, 9 -

Here, u. is the long-time static deformation that would
occur if the pressure profile were fixed at its current value,

U = 2 2 [ds (h(s t)) (6)

As mentioned above, it is assumed that the trajectory
starts from the fully relaxed state, u.(r, to) — u(r, to) =0
which is normally the case if p(t) = 0, t < to. The rate of
change of the pressure is

p(h(r, 1) = p'(h(r, D)[Ne(t) — u(r, 1] ()

where the prime signifies differentiation with respect to
argument. Given the current deformation, which fixes
p'(h(r, t)), then eq 5 represents a linear integral equation
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for the rate of change of deformation. It can be solved by
iteration using the algorithm developed for the static
elastic problem.®*2 It is then a simple matter of time-
stepping to solve the differential equation for a specified
trajectory ho(t), u(r, t + Ay = u(r, t) + A(r, t).

For the present case of van der Waals forces, the
pressure is given by

6
p() = =l 1

o h ®

Here, A ~ 10720 J is the Hamaker constant, and z, ~ 0.5
nm characterizes the short-range soft-wall repulsion; it
is the equilibrium separation of planar solids under zero
load. This functional form for the van der Waals pressure
derives from a Lennard-Jones 6-12 molecular potential.
The surface energy is given by y = A/16xz,?, and a
dimensionless parameter that characterizes the adhesion

is 0 = y4/R/z,® E,.2.° The total load is simply the integral

of the surface force density,

F(t) = 27 [ p(h(r, 1)) r dr )

B. Central Deformation Approximation. Attard and
Parker® developed an analytic approximation for weak
elastic deformations that was shown to give accurate
results in the precontact situation. Attard?? developed an
analogous approximation for viscoelastic nonadhesive
particles that interacted with exponentially decaying
double layer forces. The approach is here called the central
deformation approximation (CDA), and it consists of
replacing the deformation everywhere by its value on the
central axis,

u(r, t) ~ u(0, t) = u(t) (10)
This is accurate near the central axis, which, because of
the curvature of the bodies, is the region that dominates
the force at large separations. It becomes inaccurate when
the deformation varies across the region that contributes
to the interaction, which is the case near and beyond
contact. Hence, its use is restricted to the large separation,
precontact regime.

Defining

2m)lx

— “L -m-1_
Im - f X (2mm|)2

PUx—1

and also ¢, = 2AVR/2/3nE,, the CDA of the relaxed
deformation, eq 6, is

(11)

B —A7 e A Z . 1
Us(t) = 7E. g7 h(s, t)9 hs, t)3‘
6
f 1 ]
h(t\/ih( (h')g (h')3
Iz I
= —cm\h(i)fwz B W;/Z] (2

where h(t) = ho(t) — u(t) is the actual separation. Note
that in the first line ds/|s| = 2.t ds has been used and also
that the transformation of the variable of integration in
the second line arises from the fact that h(s, t) = ho(t) —
u(t) + s?2R is a quadratic function of s. The integral in

Attard

the differential equation in (5) becomes in the CDA

Ollo(h(S ).
2 7 fo ds dh(s, 1)
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( )L/;l(t)\/h,

= Co(ho(t) — U(t))’ (13)

Accordingly, the CDA version of eq 5 for the precontact
viscoelastic deformation is

|
u(t) = —7 fu(®) +c, h(i;fwz N F;S/Z ) +
142, 6 3|3
Co(h(t) - U( )) h(1:)19/2 h(t)7/2
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For agiven trajectory hy(t), the deformation u(t) and hence
the actual separation h(t) are readily obtained from this
equation for u(t) by simple time-stepping.

In the central deformation approximation, the force is
given by?®

F(t) = 27 [, ds s p(h(s, 1))

6
o) A Zg
27R dh'———|— -1
v/;1(t) Gﬂ(h')a (hy)B ]
z 6
—2R—A | 0 (15)
127h(t)? 4h(t)

This result turns out to be the same as the Derjaguin
approximation, except that the planar interaction free
energy per unitareais calculated at the actual separation
h(t) = ho(t) — u(t) (as given by the approximation), rather
than at the nominal separation hy(t).

C. Computational Details. The algorithm for solving
eq 5 is based upon that used for the elastic problem®!? and
has been described previously.? Briefly, radial functions
were stored on a uniform grid of 250—350 points and
spacing 6 nm. For particles of radius 10 um, this gave a
separation at the cutoff of more than 100 nm, which is
well beyond the range of the surface forces. The drive
steps in separation were 0.1—0.01 nm, corresponding to
time steps of 10—50 us. Trajectories were typically started
from 10 nm separation, using an equilibrated, fully relaxed
surface shape, although in this case the deformation is
almost negligible. A triangular drive trajectory was used,
with equal and opposite uniform velocities on each branch.
The integral equation for the rate of change of deformation,
eq 5, was solved by Picard iteration, with automatic
adjustment of the mixing parameter up to a value of 10%,
depending upon convergence. The iterations were typically
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Figure 1. Precontact deformation. The symbols are the full
theory, and the curves are the central deformation approxima-
tion, eq 14. From top to bottom, the driving velocities are ho =
—0.1, —0.2, —0.5, -1, —2, and —5 um/s. The solid symbols and
bold curves are the static results using the infinite time (top,
E..=10° N m~2) and zero time (bottom, Eo = 10N m~2) Young's
moduli. The other parameters are A = 10720 J, zo = 0.5 nm, 7
=1ms,and R = 10 um.

terminated when the change in the central deformation
speed was less than 0.1 pm/s, and the change in average
deformation speed was less than 0.1 nm/s. At least 20
iterations were used for each time step, and up to several
hundred were required in the vicinity of jumps in to and
out of contact. The elliptic integrals for the deformation
kernel were calculated once using an efficient theta
function expansion®? and stored on a quadratic grid, with
the logarithmic singularity treated analytically.'?
Results for purely elastic deformation were also obtained
using similar parameters to the above and the previously
reported algorithm.®1222 |n the present cases, no hysteresis
was found between loading and unloading so one can be
certain that these are purely elastic results and that no
dissipation or velocity dependence was present.

Il. Results

Figure 1 shows the central deformation prior to contact
as a function of driving velocity. In general, the deforma-
tion is positive, which indicates that the surfaces bulge
toward each other under the influence of the van der Waals
attraction. By precontact here is meant the region prior
to the onset of the short-range repulsion; the nominal
separations shown as the abscissa quantify this notion.
This effect shows the importance of including the finite
range of realistic surface forces, because a contact theory
such as JKR or DMT would predict zero deformation in
this regime. It may be seen that the viscoelastic deforma-
tion at nonzero, finite driving velocities lies between the
equilibrium elastic deformation corresponding to the
instantaneous and to the long-time elastic moduli. As the
velocity slows, the viscoelastic deformation approaches
that given by the equilibrium result for the infinite time
elastic modulus. Most of the deformation occurs over the
distance scale shown in the figure. At the median speed
shown, |ho| = 1 um/s = 1 nm/ms, it takes approximately
twice the relaxation time to cover this distance. Hence,
speeds much slower than this yield the long-time equi-
librium result, and speeds much faster than this yield the
short-time equilibrium result, as indeed the figure shows.

The relatively sudden onset of the soft-wall repulsion
causes the bulge to decrease, and it eventually causes the
surfaces to flatten (u(0) < 0). Here, the particles may be
said to be in contact. In this regime, the curves for different
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Figure 2. Precontact force. The velocities are, from bottom to
top, ho = —0.1, —0.5, —1, and —5 um/s, respectively. The other
parameters are as in the preceding figure. The bold line is the
interaction free energy per unit area between rigid planar
surfaces.

driving velocities almost coincide. This indicates that in
contact the amount of central deformation is, in the main,
simply due to geometry rather than to the material
parameters of the bodies.

Figure 1 also tests the CDA against the exact results.
In all cases shown, it gives very good results for the
precontact deformation. At the slower driving speed, it
begins to overestimate the bulge near contact, but
nevertheless it still correctly estimates the turnover at
contact. As an analytic approximation, it is certainly
worthwhile.

Figure 2 shows the force just prior to contact. It is
attractive because of the domination of the van der Waals
tail. The magnitude of the force decreases with increasing
driving velocity; the rigid particle case (bold curve) shows
the weakest attraction. (This is true approaching contact;
the depth of the force minimum actually increases with
increasing driving velocity.) These facts indicate that the
mayjor effect of elasticity prior to contact is to decrease the
actual separation via surface bulging, which results in a
stronger force than is indicated by the nominal separation.
This interpretation is confirmed by the agreement of the
CDA with the exact calculations at larger separations.
The only ingredient that goes into the CDA calculation of
the force is the approximation for the actual separation.
Hence, one may conclude that the change in curvature
due to deformation has negligible effect prior to contact.
The fact that the CDA begins to overestimate the
magnitude of the attraction approaching contact is a
manifestation of its overestimate of the bulge just prior
to contact. Nevertheless, for these particles one may say
that the CDA is a quantitatively accurate approximation
beyond about 1 nm separation for these particular
particles, with the regime of validity increasing with faster
driving speeds.

Figure 3 shows force hysteresis loops for triangular
trajectories of the type typically used for loading—
unloading experiments. The Hamaker constant that is
used here is 10 times larger than in Figure 2, and this is
reflected in the order of magnitude deeper minima on
approach. This is particularly evident on the magnified
scale used in the inset. The fact that the depth of these
minima increases with increasing speed and that prior to
the minima the magnitude of the attraction decreases
with increasing speed is in agreement with the results of
Figure 2. On the approach branch in contact, the force
increases with decreasing separation. The negative nomi-
nal separations and the finite slope of the curve indicate
that the particles are flattening under load. The slope
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Figure 3. Force in contact. From inside to outside, the
hysteresis loops correspond to |ho| =0, 1, 2, and 5 um/s, with
the diamonds being the static result using E.. (all parameters
asin Figure 1 exceptthat A =1071°J). Inset: magnified loading
curves. The diamonds are the static result using E,, and the
bold curve is the force for undeformed particles.

becomes steeper with increasing speed, as one might
expect because the stiffness of the viscoelastic particles
increases as the time scale decreases.

Following the turning point of the trajectory, the applied
load rapidly decreases, with the consequence that the
unloading branch lies beneath the loading branch. This
gives the hysteresis loop, the size of which increases with
increasing driving velocity. The area of the loop corre-
sponds to the energy dissipated in the loading—unloading
cycle. Hence, itisaformal requirement that the unloading
branch lie below the loading branch; otherwise, one would
have the basis for a perpetual motion machine. The general
principle is that the force exerted by a system at a given
position must be greater than or equal to the force exerted
atthe same position ata later time, with equality occurring
ifand only if the system is nondissipative. In Figure 3, the
static elastic result corresponding to E = E., is included,
and one can see that the hysteresis loops appear to coalesce
onto the equilibrium curve as the driving velocity is
decreased. Such behavior has been found previously.?13

The adhesion, which is the force required to separate
the particles, (i.e., the maximum tension they can sustain),
is given by the minimum force on the unloading branch.
In the computations, the separation is controlled, which
is the analogue of a fixed grips experiment, and hence the
trajectory is able to proceed past the force minimum. A
more common experiment controls instead the load or
tension, and when the minimum force is attained the
system is at a point of unstable equilibrium. It may be
seen that the adhesion is significantly greater than the
equilibrium prediction and that it increases with increas-
ing driving velocity. Again, this is consistent with recent
predictions.1213

Figure 4 shows the contact radius during the trajectory,
with contact signifying surface separations less than 1.1
of the equilibrium separation of planar walls. Although
the definition of contact for finite-ranged surface forces is
arbitrary, any reasonable definition gives qualitatively
similar results to those shown in the figure. As one might
expect, the contact area increases on loading and decreases
on unloading. For these viscoelastic particles, at a given
nominal separation, the contact area is less on loading
than on unloading, which reflects the hysteresis in the
force curves. The unloading contact radius lags the loading
one so that the (nominal) surfaces have to be pulled further
apart before they attain the same area as on loading. The
unloading branch shows a small but definite increase in
the contact area immediately following the turning point.
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Figure 4. Contact radius. The parameters are as in the
preceding figure, with the drive speed increasing from top to
bottom on each branch. The triangles are the static result for
E.. = 10° N m~2, and the diamonds are the static result for E,
= 10% N m=2. The surfaces were defined to be in contact
wherever they were separated by less than 1.1z.
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Figure 5. Surface shape. The profiles are plotted every
millisecond, or every 2 nm from hy = 10 nm (top) to —10 nm
(bottom). (A) The drive speed is |ho| = 2 um/s, and A = 1071°
J, with all other parameters as in Figure 1. The right-hand
panel is for loading, and the left-hand panel is for unloading.
(B) Equilibrium elastic shapes for Young’s modulus E = E., =
10° N m~2 (left-hand panel) and for E = Eq = 10'° N m~2 (right-
hand panel).

Oneach branch, ata given nominal separation, the contact
areaincreases with decreasing drive speed. On the loading
branch, it lies between the infinite time and the zero time
static elastic results. The adhesion between the particles
causes them to spread upon each other, and hence it has
a greater effect on soft particles than on hard particles.
This rationalizes both the static elastic results and the
speed dependence of the viscoelastic results.

Figure 5A shows the shape of the viscoelastic particle
during loading and unloading. At the largest separation
before loading, the undeformed shape of the spherical
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Figure 6. Varying penetrations. The turning point of the
trajectory is varied to obtain the force loops corresponding to
different penetrations or maximum applied loads. The param-
eters are as in Figure 1, with |ho| = 1 um/s. Inset: magnified
scale around pull-off.

particle appears parabolic because of the differing scales
used on the axes. As the particle is brought toward contact,
one can see the slight bulge and elongation of the surface.
In contact, there is a relatively well-defined flattened
region that grows as the loading is increased. Comparing
the two branches in contact, on loading near the contact
rim the surfaces appear somewhat rounded, whereas on
unloading there is definite extension and stretching
evident in the surface shape. This hysteresis in shape has
been previously discussed in terms of contact angles, and
an analogy has been drawn with solid-on-solid wetting.!?
Following the relatively rapid jump out of contact, there
is a remanent stretching of the surfaces, as may be seen
by comparison with the corresponding loading surface
profile. This contrasts with the remanent flattening that
is observed in the case of nonadhesive particles.??

It is of interest to compare the shape of the viscoelastic
particle with elastic particles that have the long- and short-
time elastic moduli (Figure 5B). The shape of the softer
particle clearly resembles that of the viscoelastic particle
during unloading. It has the same stretched profile and
sharper transition at the contact rim and also the sudden
jump in to or out of contact. The hard elastic particle has
a more rounded shape at the contact rim and a more
gradual transition to or from contact on the central axis,
both of which feature in the shape of the viscoelastic
particle during loading. (Note that these figures show less
than 1% of all of the surface profiles actually calculated
during an actual trajectory.)

A qualitative comparison of both the viscoelastic and
the elastic surface profiles with JKR theory is of interest.
As an elastic theory, JKR does not predict any hysteresis
or velocity dependence in the surface shape. Furthermore,
asacontact theory itis unable to account for the elongation
and bulge of the surfaces as they approach each other.
Morover, JKR theory assumes a mathematically flat
contact region, whereas in reality that region has finite
curvature due to the nonzero range of the surface forces.
Finally, JKR theory assumes that the pressure becomes
infinite at the edge of the contact zone, whereas in reality
it goes smoothly to zero, with the consequence that the
surfaces in Figure 5 have a smooth and rounded appear-
ance, which isin contrast to the discontinuity in curvature
predicted by JKR theory.

Figure 6 shows the dependence of the force loops on the
maximum applied load. After a transient period im-
mediately following the turning point, all the unloading
branches meet up and thereafter coincide. It is as if a
steady state is reached. This means that the adhesion, or
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Figure 7. Adhesion. The maximum tension is normalized by
the JKR adhesion and shown as a function of the drive velocity
(logarithmic scale). The parameters are as in Figure 1, except
that A=1,5, and 10 x 10~2° J for the solid, dashed, and dotted
curves, respectively. The arrows signify the respective static
equilibrium elastic results.

force minimum, will be independent of the maximum
applied load. The exception is when the maximum applied
load is relatively small (i.e., the time in contact is brief).
In these cases, the point at which the trajectory rejoins
the envelope of unloading curves is beyond the force
minimum of the latter, so that the adhesion is seen to
decrease as the maximum applied load decreases. This
effecthas been seen previously, and Figure 6 is very similar
to Figures 5 and 6 of ref 12. This effect should increase
with the adhesion parameter ¢ and with the driving
velocity, because both of these increase the size of the
hysteresis loop.

Figure 7 shows the pull-off force as a function of the
driving velocity. As the velocity is decreased, the curves
asymptote to the static equilibrium adhesion. The equi-
librium adhesion is greater than that given by the JKR
elastic approximation, which is unity on the scale used
for the ordinate. The JKR approximation evidently
becomes increasingly accurate as the Hamaker constant
or surface energy increases and as the time taken for the
measurement increases. The system with the smallest
Hamaker constant in the figure has surface energy y =
0.80 mJ m~? and parameter ¢ = 0.23, and that with the
largest Hamaker constant has values 10 times greater
than these. The results in Figure 7 show that for
viscoelastic particles the adhesion increases with increas-
ing speed. Thisoriginates in the larger contact area at the
time of pull-off because of the increasing lag. For the
present parameters, at speeds greater than about 10 um/
s, there occurs a noticeable dependence of the normalized
adhesion on the surface energy, with higher energy
particles showing less (normalized) adhesion. The actual
adhesion increases with surface energy at all driving
velocities. This suggests that at very high speeds the
adhesion will be independent of the surface energy.

Summary and Conclusion

In this paper, benchmark results have been obtained
for the interaction, adhesion, and deformation of vis-
coelastic particles that interact with van der Waals forces
of nonzero range. Materials with a single relaxation time
were modeled, and a range of surface energies and drive
velocities were studied. Results were obtained for the
precontact deformation and force, the force and area in
contact, the deformed surface shape, and the adhesion.
The behavior of the particles was found to be hysteretic,
with the hysteresis between the loading and the unloading
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branches increasing with drive speed. The adhesion or
pull-off force was also found to increase with speed.

An analytic approximation was also given, based upon
the so-called central deformation approximation developed
by Attard and Parker for elastic systems.® The resulting
first-order differential equation was readily solved nu-
merically using a spreadsheet, and it was shown to be
accurate for the deformation and force in the precontact
regime.

It is concluded that the present theory and algorithm
representatractable and reliable approach to the behavior
of interacting adhesive viscoelastic particles. The quan-
titative analysis of measurements of the adhesion of such

Attard

particles should prove feasible and should yield the
viscoelastic and surface energy parameters of the materi-
als. Given the success of the central deformation ap-
proximation, more refined analytic approximations should
also prove worthwhile, particularly in the contact regime.
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