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LETTER TO THE EDITOR

Effective Spring Description of a Bubble or a Droplet
Interacting with a Particle

It is shown that the interaction of a particle with a liquid drop
or a gas bubble may be quantitatively described over the whole
distance regime by treating the fluid interface as a Hookean spring.
An algorithm suitable for analyzing atomic force microscopy data
suitable for a calculator or a spread-sheet is given and applied to
data for oil drops.  © 2002 Elsevier Science (USA)
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INTRODUCTION

Colloid probe force measurements with the atomic force microscope (AFM)
have shown that air bubbles (1-4) and oil droplets (5-9) behave as simple
Hookean springs in the so-called constant compliance regime. A recent the-
oretical analysis has confirmed this experimental finding, showing that the ex-
perimentally applied |oadsarewel | withinthelinear regime, and that theeffective
spring constant is practically equal to the surface tension of the interface (10).
Earlier theoretical work on deformable fluid interfaces provides numerical sup-
port for the experimental and analytic conclusion (11-13). In the opinion of the
present authors, recent numerical computations (9, 14) also exhibit the Hookean
nature of the interface, although it should be noted that the origina authors
(9, 14) concluded that the interface was not Hookean (15).

Sincethebubbleor drop behavesasasimplespringinthe constant compliance
regime, which isthe region of largest load, it must necessarily also be Hookean
inthe region of weaker |oads prior to contact. Thereason that the measured force
is not a linear function of drive distance prior to contact is that the separation
between the particle surface and the fluid interface is not constant there, whereas
in contact it is (10). Nevertheless, if this change in separation can be cal cul ated,
one has the possibility of describing particle-bubble and particle-droplet in-
teractions simply and quantitatively using little more than Hooke's law. The
purpose of this letter is to give an algorithm that accomplishes this goal and to
show by comparison with experiment that it is accurate in both the precontact
and the post-contact regimes.

Consider a particle of radius R, interacting with a very much larger bubble
or droplet of undeformed radius Ry. The interaction pressure between surfaces
separated by h istaken to be an electrical double-layer repulsion,

p(h) = Pe~", 1

where « ~1 isthe Debye screening length of the electrolyte, and the preexponen-
tial coefficient is

P = 2c0er(4ka T /Q) 172, 2
with €p being the permittivity of free space, ¢ the dielectric constant of the

electrolyte, kg Boltzmann's constant, T the absolute temperature, and q the
ion charge. The nonlinear Poisson—Boltzmann theory has been used here to
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renormalize the surface potentials ¢ (16),

h qyi

= tan s
g ke T

i=12 [3]
This double-layer expression is for asymmetric surfaces in a binary symmetric
electrolyte. It is exact (within Poisson—-Boltzmann theory) at large separations
at all potentials. It may, however, become inaccurate at small separations (large
forces) where nonlinear effects, steric repulsions, and van der Waal s forces may
additionally contribute.

When the particle is forced toward the bubble or droplet it causes adimpleto
form. It has been shown that the radius of curvature in the contact region, Ry,
isrelated to the applied load, F, by (10)

FeRp+4mry Ry

Ru=ROE Ry —any Ry’

(4

where y isthe surface tension of the interface. The wrap radius varies between
—Rp for low loads (the negative value arises because the curvature is here
measured external to the droplet or bubble) and R, for high loads, where the
interface is almost concentric with the particle. Theload isrelated to the central
or closest separation of the actual surfaces by (10)

2m RyRy
F=—7——=p(ha), [5]
«[Rw — Rp]
where h, isthe actual physical surface separations, as distinct from the nominal
separation hy, which ignores the deformation of the interface (see below). For
the present purposesit is more convenient to expressthe separation asafunction
of load. In view of the Poisson-Boltzmann force law, Eq. (1), thisis

27 RyRy P
n—KF[RW— Rp]' [6]

ha=« 21
One can now generate a separation versus load curve simply by regarding the
load as the independent variable. The maximum load that can be applied before
rupture of theinterface is F* = 27y R, (10, 17).

To model AFM data one must convert the actual surface separation h, to
the nominal separation hy,. The latter is the separation that the bodies would
have if they were undeformed, and it may be obtained experimentally, relative
to an arbitrary zero, from the specified AFM drive distance and the measured
cantilever deflection (see below). The difference between the actual and the
nominal separationisthedeformation of theinterface. Sincethebubbleor droplet
behaves as a simple spring of spring constant kp, the latteris Az= — F/kp, and
one has

hn=ha — F/kp. [71

Note that for large loads the nominal separation becomes negative, whereas the
actual separation isaways positive. Using the above equations one can generate
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for thedrop or bubbleaforce versusnominal separation curve, or, moreprecisely,
anominal separation versus force curve. The interfacial spring constant ky may
be obtained by fitting the experimental data, or by using the analytic result that
expressesit in terms of the interior contact angle and the logarithm of the ratio
of length scales (10),

4 — 50086 + 2cos? 6 — cos® 6
2 — cosh — cos3 4

o -1 Ro (14 cos)?
Ko T dny {|n|:2/<Rg sin2g :|

(8l

In practice the predicted interfacial spring constant is approximately equal to
the surface tension.

Inthe AFM experiments the drive distance A D and the cantilever deflection,
AX = F/k¢ (k; isthe cantilever spring constant), are known. Hence the nominal
separation is

hn=F/ks — AD + C. [9]

Thisisrelativeto an arbitrary zero sincetheinitial separation isnot known. One
must choose a value of the constant C that gives the proper zero of separation.
The determination of the absol ute separation scale has hitherto plagued AFM
measurements of soft surfaces. Gillies et al. (18) have recently solved the prob-
lem by shifting the experimental datafor soft surfacesto coincidewith theknown
forcelaw for rigid surfacesin the large-separation, weak force regime. This pro-
cedure is exact, since for weak enough forces all surfaces are effectively rigid
and undeformed, hy = hy,. It does, however, require that the surface potentials
be known. In the case of the electric double layer treated here, the force law is
F =27 Ry~ tPe M, [10]
assuming Rp > Ry. Hence the nominal separation of the experimentsis shifted
to coincide with thisrigid body force at large separations.
Figure 1 tests the present theory against the measured force for an oil drop.
The data are a representative selection of that given in Figs. 3 and 4 of Ref. (8).
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FIG. 1. AFM data (8) for an n-decane oil droplet (R, =0.25 mm) and

silicacolloid probe (R, = 3 m), interacting in 1 mM NaNOg (« ~* = 9.65 nm).
From bottom to top the concentration of the added SDS surfactant is 3 x 101,
1072, 1073, 1074, and 10> M. The zero of separation has been determined by
ensuring coincidence at large separati ons with the renormalized linear Poisson—
Boltzmann law (bold line, Eq. [1]) (18), which usesthe measured zetapotentials
Ysio, = —70mV (19) and Yrgecane = —100mV (20). The curves aretheresults
of the present spring calculations using a fitted interfacial spring constant (see
the succeeding figure).
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FIG.2. Thespringconstant of afluidinterface asafunction of themeasured
surface tension (8) for the respective surfactant concentrations of the preceding
figure (the concentration decreases from left to right). The triangles are the
fitted results used in the preceding figure, and the crosses are values obtained in
Ref. (8) by fitting the slope of the constant compliance regime. The full lineis
kp =y, and the dashed line is Eq. [8] (10) with a contact angle of 90°.

The nominal separation was obtained by shifting the original data horizontally
to coincide at large separations with the force law for arigid surface, following
the protocol developed by Gillies et al. (18). The zeta potential measured for
oil dropsisin the range —100 to —125 mV for SDS concentrations between
0.01 and 1 mM (20). In the present calculations it has been fixed at —100 mV
for al cases; at these high potential s the renormalized potential isinsensitive to
the precise value. The calculations took the force as the independent variable,
and used Egs. [4], [6], and [7] to obtain the nominal separation. The present
calculations were carried out using an elementary spreadsheet. The interfacial
spring constant ki, was treated as a fitting parameter. Figure 2 shows that the
fitted value is on the order of the surface tension, and that it is in reasonable
agreement with the analytic formula, Eq. [8].

It can be seen that the present theory that treats the drop as a simple spring
is quantitatively accurate not only in the constant compliance region (inset) but
alsointhe precontact regimewhere theforceisnot alinear function of the nomi-
nal separation. It may be concluded that treating an air bubble or aliquid drop as
aHookean spring yields aviable description of particleinteractionsthat isaccu-
rate, simple, and generally applicable to systemswith known surface potentials.
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