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Curvature dependent surface tension from a simulation of a cavity
in a Lennard-Jones liquid close to coexistence
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Monte Carlo simulations have been used to calculate the surface tension of a planar liquid-vapor
interface of a Lennard-Jones fluid using a new cylindrical truncation correction procedure. A bubble
was mimicked by simulating a Lennard-Jones liquid close to coexistence containing a single
immobile hard-sphere cavity. From the density profile of this system the curvature dependent
surface tension has been estimated via calculation of the Helmholtz free energy of the system and
separately using a large cavity contact density expansion. Evidence is presented that the Tolman
length becomes increasingly negative as the critical temperature is approached and possibly changes
sign. © 2001 American Institute of Physic§DOI: 10.1063/1.1413514

I. INTRODUCTION pressure tensor expression for the Tolman length from ther-
_ _ modynamic analysis of the pressure difference across the in-

The dependence of surface tension on rad|_us of CUNVag face of a liquid drop in coexistence with its own vapor. By
ture is fundamental to the study of'the properties of SmaILstudying the pressure drop across the interface of droplets in

droplets and bubbles. In 1949, using Gibbs’ theory of Cap”'simulations, they foundis<0.7 o, whereq is the molecular

Ia_lrlty, Tolmart gave a simple expression for the surface ten'diameter, but could not be definite about its sign. Haye and
sion of a curved interfacey(R), . . . ) .

Bruin, using molecular dynamics simulations of a planar

liquid-vapor interface, estimated the Tolman length from a

YR =7x| 1- R/ (LD relation that expressed it as an integral over the pair distri-

) ) bution function of the planar interfadeThey concluded that
where y.. is the value of the surface tension for a planar s a5 small(~0.2 o) and positive for all temperatures. El

liquid-vapor interface. To leading ordeR is any measure of g, 4o nj et al. evaluated the pressure profiles across a
t‘lbel raduIJs ththe mtgrfa(;]e andlis the -:_Olhma; Iength.bThe liquid-vapor interface using molecular dynamics simulations.
0 man.engt may be shown to equal the distance betweefin the noise of their simulation, comparing planes with
the eq“'mo'ar dividing _su_rt;ac@e, and the surface of ten- drops of the order dR= 100, they found the surface tension
sion, Rs, in the planar fimit, to be curvature independent. They did, however, find that the
o= lim R;—Rs. (1.2  position of the surface of tension was less than the equimolar
Re,Rg— surface for spheres for all temperatures, which implies a Tol-

The Tolman length encompasses the primary curvature cof@n length of the order of 0.6. o
rection to the planar surface tension. Giessen, Blokhuis, and Bukm&applied rigorous theo-

Tolman believed that the value of the surface tension of€lical thermodynamic consideration to the problem. They
small droplets and bubbles would be less than the pk-;maﬁ)resented expressions for the surface tension and Tolman
value, which implies that would be positive and small. length in mean-field approximation. The numerically calcu-
However, the magnitude and even sign of the Tolman IengtH,ated values o5 were found to be negative and close to 0.2
and its dependence on temperature and droplet size still ré= in magnitude. The Fisher droplet model was used by
mains uncertain. Equatiofl.2) implies that the Tolman KalikmanoV to formulate a semiphenomenological theory of
length is of molecular size and therefore significant deviatiorfhe Tolman length. This model gave a positive Tolman
from the planar value of the surface tension would only bdength, close to 0.2, away from the critical temperature,
seen in bubbles or droplets of sub-microscopic dimensionslc. However, approaching_ it changed sign and diverged.
Such molecular scales have posed almost insurmountabBykov and Zend’ developed an approach to derive analyti-
practical challenges, which have severely limited the volumesal results in the framework of density functional theory. A
of experimental resultsThe bulk of work concerning/(R) patching model for the density profiles was based on analyti-
and the size ofs has come from theoretical consideration. cal expressions for the asymptote of the profiles which can
Recent studies have included computer simulations, theorebe used in the statistical mechanics formulas)ftR) and 6.
ical thermodynamic derivation and density functional theory.They found the Tolman length to be small, negative and

Molecular dynamics computer simulations of Lennard-weakly dependent of.

Jones fluids have been used by several authors to study this This work uses Monte Carlo simulations to obtain the
phenomenon, including work by Nijmeijet al,* Haye and  surface tension of both planar and curved interfaces of a
Bruin® and El Bardouniet al® Nijmeijer et al. obtained a  Lennard-Jone&12—8 fluid In Sec. Il we examine the planar
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istence. A new cylindrical truncation correction to the surface  Ui(r'ij) =4e (rf - (F
tension has been derived and results are presented for several ! .
temperatures between the triple point aihd Density pro- and with the external potential at tlzeends of the box by
files are also given. Uon(Z))

In Sec. Il we present results for a hard-sphere cavity in "™
a liquid close to coexistence, including the derivation of a (
spherical truncation correction technique. We present evi-
dence that such a cavity is a reasonable qualitative model of
the liquid-vapor interface, and that the results are applicable 12s
to gas bubbles. Previous work in this area includes molecular = ( 2|z /U|)
dynamics simulations by Stecki and Toxvaétdhey stud- 2 o0 '
ied systems containing a cavity with radii ranging from 8.5
to a hard wall at a single temperature. They measured the 0, |zi|>‘
density profile, the density at the surface of the cavity and \
extracted the chemical potential of the cavity. Samborski (2.2

12 | e ; ; ; ; ;
etal,™ using a weighted density approximation further N" \where ¢ is the potential well depth of the Lennard-Jones

vestigated this area and found qualitative agreement with thﬁotential ando is the collision parameter. For simulated
previous computer simulations. Poniewierski and Stécki Argon'® £/k=119.4K ando=0.34 nm

theoretically derived formal expressions for the surface ten-
sion of a fluid in contact with a hard spherical wall and

proposed a method for expansion in powers of curvature an 4l at long range was employédas opposed to the more

app]ied it to'the first correction. Henderéérstudied the be- conventional spherical cutoff used for simulations of bulk
havior of fluids at hard walls. He obtained a formula express-

. ; : sfystems. The truncated potential was
ing the curvature dependent surface tension as a function o

the_deri\_/ative of the Qensity of a qugid at f[he surface_ of_a . B uLJ(‘/SZij +zi2j), sij<s. andz;<z
cavity with respect to its radius. The simulation of a cavity in uiy(sij,zij) = 0 s >S5 of 7.>7 ,
a liquid provides the advantage of a simpler system with a voTIm e e 2.3
known and unambiguous surface at all times. We present , , _
radially dependent density profiles for systems with a singlevheres;; :_\/()_(i_xj) +(yi—yj)” andz;=z—z. In view
immobile cavity, whose radii ranges from d.to 3.5 ¢, at of the periodic boundary conditions the cylindrical cutoff
three temperatures and use them to test a small cavity theofdius was always;<L,,/2 and the nearest neighbor con-
and the Percus-Yevick integral equation approximation. Th&/éntion was implemented. A tail correction was implemented

surface tension is calculated from the Helmholtz free energyy defining the tail potential as
5
of the systent’ Ugai(Tij) = ULo(Fi) = USy(r ;). (2.4

: 2.1

L,
0, |Zi|< 7—2 g

L,
=0.25), |z[=|5-2 0

Lo
2

In keeping with the symmetry of the inhomogeneous
E{ystem a cylindrical truncation of the Lennard-Jones poten-

The total configurational energy of the system is given by
Il. PLANAR GEOMETRY

_ _ _ 1NN
A. Potential energy tail correction ULJ=<§2 E UEJ(sij -Zij)> +Ug, (2.5
The Monte Carlo technique of Metropolis was used to I
simulate a liquid film in equilibrium with its vapor phase in where the angular brackets denote a canonical ensemble av-
a rectangular box of dimensioths, <X L,,XL,. The number erage. The tail correction can be derived from the expression
of atoms,N, was chosen to be large enough such that théor the total energy in terms of the pair density,
formation of the liquid as a planar slab was always favorable.
Periodic boundary conditions were imposed along the x a}nd Uu:lf dr 07 ,p @ (7, Fo)uys(|Fa—Ta|), (2.6)
y axes and an external potential was introduced perpendicu- 2
lar to the free surfaceslgf the liquid at=—L,/2, andz ¢\ e assume that the density of the system is independent of
=L,/2 following Leeet al=> This external potential prevents . its x and y coordinates so that
indefinite evaporation of particles from the liquid. In addition
a trial movement in which a molecule crossed thplane p A (r,)=p(21)p(2,)9(21,25,512) - (2.7
was immediately rejected, preventing excessive translationiag or the talil,
motlon.of the center-of-mass of.the I|qU|d_f|Im, whlch might radial distribution function is unityg(z;.2,,51)~1 and
otherwise have affected analysis of the interfacial regfon. "(2),> -\ H
This effectively pinned the liquid to the center of the box.” (r1,r2)~p(21)p(2;). Hence
The vapor phase was made sufficiently large so that the ex- 1, (L2 L2
ternal potential made no contribution to the surface tension. UcszxyLL lzdzlp(zl) LL lzdzzp(zz)
The liquid was held together solely by its own cohesion. ‘ ’
Molecules in the box interacted with each other via the -
12—-6 Lennard-Jones potential, X f dS1 tail(S12,212)- 28

correction particles are far apart, so that the
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Using the fact that at long range j(r 2~ —4e(a/r )8,

one obtains
fdsu(szz) Zfds 24< 7 6
12Utail S12,Z1 ™ 125124€ \/TZ:LZ
—2mea®
TSR 29

The long range correction is then given by

1 L,/2
Uc= 2 ny' L leP(Zl f dzyp( Zz)f u(ri)ds;,

L2 % .
+J dz,p(25) JO u(ri2)dsyp

Z>

7 dzntzn [utradsi), (210
—L.,/2 0

z

where z.=
—L,/2].
Substituting into Eq(2.9) into Eq.(2.10 one has

f q 27we0°p(2,)
Z —
2 (si+25)?

Min[(z;+2z.),L,/2] and z_.=Max(z;—z.),

1

2 L,/2
Uc=- Enyj L lep(Zl)

L2 2mwea®p(zy)
+J P, 200 P22
z. Z1p

2meo’p(2,)

z_ 6
+ f Az 2 (2.11)
—Lj2 Z1

Equation(2.11) was evaluated during the simulation by

numerical integration using the average density praofi(e).

Curvature dependent surface tension 3

The correctionT is taken from the bracketed part of Eg.

(2.1)

T(z) J2>d 2mwea’p(zy) L2 2mea®p(zy)
z))=— 25— — 2 ————
! 2. 2 (si+zip)? 2 71,
z< 2me0’p(z
- f dZZ#. (2.14
—Lj2 Z15

B. Planar surface tension

The surface tension and the pressure were calculated in
the simulation by means of the virial expressfns

1 /& i—x)2+(yi—y)2-2(z-2)?
y:L_)2<)/<Z Zrij u (rij)

- (2.15
’(r.,)>

Like the energy the surface tension is corrected for cylindri-
cal truncation of the potential by writing ER.15 in terms
of the pair density

z (Z| Z])z

I<J rIJ

NKT 1 <
(2.16

CLLL, LiLg,

1 . e
7’:Tfvdrldrzp(z)(rl,rz)r(rlz), (2.17
where
Xi—X;) 2+ (Y, -2(z—z)?
L(ry)= ( DY~ . yj)2—2( i) 0 (ry).
ij
(2.18

The value of the latter was obtained by dividing the simula-Again assuming that the singlet density is independent of its

tion volume into a series of cells of widtA, along the

x and y coordinates and thg(z;,z,,s15) =1, this may be

z-axis, where), is small enough to assume constant densitritten as

within the cell. A histogram of the number of atoms in each
cell was constructed to estimate the average number of atoms =

in theith cell. The density was given by

h()
p(Z(I))—m, (2.12
wherez(i)= —L,/2+ A2+ (i —

age number of particles in théh cell.

1)A,, andh(i) is the aver-

1 (L2 L,/2
2.2 f— Lz/2d21 f— Lzlzdz2 szdsl

% | unzpE (502,220, 219

The surface tension tail correction is given by

1 (Lz2
The truncation correction procedure was also imple- %a"zif —Lz/zdzlp(zl)
mented for the calculation of the change in the total energy

of the system due to the trial movement of a single atom.
This correction may become significant in terms of whether a

X

z> u’(rqp) 352_ 22%2
f dz,p(z;) ds;y ( 2

zZo S12>Sc iz

move is accepted or rejected in the Metropolis method and

thus to the overall chain of states sampled during the simu-
lation. The change in energy produced by a single trial move-

ment of atom ir;—r/ is given by

N

AU=D u(r
j#

i)+ Uex(Z) +T(Z])

N

_; u(rij) —Uex(2) — T(2Z). (213
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L2 u’'(r s?,— 27
+f deP(Zz)f ds;, (1212)( 2 5 12)

Z>

rlz) S12 2212
2 )

+f; deP(Zz)f dS12
(2.20

Equation (2.20 can be evaluated using the asymptote,
uLy(r o)~ —4e(a/r)°
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TABLE I. Simulation results for surface tension and cylindrical truncation

1 L2 z
'Ytailz_f z le Amre 0_6f >d22p(22) correction. The corrected sur_face tensim’i,z_yc-kymi, ,_which is the sum
2)- 2 7. of the truncated surface tensiop and the tail correctiony,,; . The stan-
dard error of the corrected surface tension is also given.
Sg 1 * 3 * ;)f\' *
N 228 T 572202 (21523 ™ L 5 z Vi
(Si+27)°  2(St+z9)% (si+2zy) i ¢ ¢ 2
0.70 20 35 35 1.1500.023 0.309
6 [ 1 0.70 20 35 45 1.1560.020 0.43
—6meo dz,p(z,) = 0.70 20 45 35 1.1690.018 0.041
z> 12 0.70 20 45 45 1.1540.018 0.168
, 1 0.80 22 3.5 35 0.9160.019 0.280
6|~ 0.90 26 35 35 0.6970.016 0.242
—6meo j dz,p(2,) — (2.21
—L2 z 1.00 26 35 35 0.5050.018 0.205
1.00 26 3.5 4.5 0.5380.012 0.316
1.00 26 45 35 0.5190.012 —0.001
An expression for the virial pressure truncation correction 1.00 26 45 45 0.5290.013 0.113
was Simi|ar|y derived 1.10 26 3.5 3.5 0.35600.015 0.166
1.20 30 3.5 35 0.1560.013 0.107
1.20 30 35 4.5 0.17%0.013 0.199
1 (L2 Areol | (2= Ziz 1.20 30 45 35 0.1780.010 —0.033
Pui=— 5 f dz, f dz,0(22) ~2 73 1.20 30 45 45 0.1760.013 0.062
2 )12 L, 2. (sct215)
J L2 1 ze 1
+ dz,p(z5) 7+ f dz,p(25) = | |. L . . . .
. 2p(22) Z, Joipe 2p(22) 71, tension is large, while a simulation with a smallgr and
(2.22 largers, returns a smaller, at times even negligible, result for

the tail correction.

In Fig. 1, the corrected surface tension results as a func-
tion of temperature are plotted. The results with correction
for the cylindrical truncation of 3.5 are in good agreement

From an initial lattice configuration, 30 000 cycles were with those of Meckeet al. using spherical truncation of 6.5
taken to equilibrate the system. Statistical measurements '8 The surface tension vanishes as the critical temperature
were made in the following 150000 cycles. A cycle wasis approached. Although these results show a qualitative
defined as a trial move of every atom in the system. Afteragreement they are higher than those obtained from experi-
equilibration, the simulation was divided up into approxi- mental observation of Argot’.~%! This difference in results
mately 50 blocks of 30000 cycles, during which statisticalis possibly due to a significant contribution of three-body and
measurements were made. An average over each block wagjher-body potentials on the surface tension in real Argon as
taken for the surface tension, pressure, and potential energypposed to the two-body interactions of a Lennard-Jones
At the end of the simulation an average over these blockfiuid used in the present simulations. Simulations taking the
was taken, and the statistical error was estimated from theffect of a three-body interaction by Leeal® are included
fluctuations in the block averages. Simulations were carrie¢h Fig. 1 and suggest that this is, in fact, the major source of
out at six different temperatures. In genemdl=3.5, sy  discrepancy between the present results and experimental
=3.5, but at three temperatures several different cutoff scework.
narios were investigated. The system contained 568 atoms, Figure 2 shows the density profile of the system along
the length of the box in the x and y directions were fixed atthe z-axis for a range of temperatures. The length of the
Ljyz 9. However at higher temperatures the length in the z
direction was increased to compensate for an increase in the

C. Planar results

width of the interface. The reduced temperature was defined 1.2 2
as T*=kT/e, the reduced length a&* =z/o, the reduced |
surface tension ag* = yo?/e, and the reduced density as g o
p*=pos. 08 o s
The results for the corrected surface tension and the con- \\ﬂ o
tribution from the tail correction are shown in Table |. The § 061 \ o
applied cylindrical truncation and correction proved to be an ¢4 o
effective technique that minimized finite size effects over a . 2
wide range of temperatures from the triple point of Argon to 021 \\ °
near its critical temperature. The variations between the sur- ‘ ‘ ‘ ‘
face tensions simulated with different cutoff scenarios is less 06 0.7 08 0.9 1 1.1 1.2 1.3

than the value of the tail corrections, and comparable to the

statistical error. It is interesting to note that the correction in _ _ , _

the surface tension ts, is positive and the correction o FIG. 1. Simulation results for tail-corrected planar surface tension as a
. Thi llati P ¢ - for th function of temperature. Present wosk =3.5 andzX =3.5 (O), Mecke

negative. This cancellation of truncation error means 1or they 417 =6.5(A), Leeet al® using pertubation theory including 3-body

larger z. and smallers; the total correction to the surface pertubation(), experimental results for liquid Argofiine).

Temperature (kT/e)
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to the single trial movement of thith atom, Eq.(2.13 is
required. The spherical truncation correction due to this trial
move is

* Omax
T(rl)zzwf drzp(rz)rgf dousinfu(ryp). (3.3
0

min

Density (o)

Using the asymptotic limit of the Lennard-Jones fluid,

o

6
U(r12)~_48<_) y

M2

15

-10 -5 ] 5
z (o) Position on Axis of Cell

10
and the trigonometric identity3,=rf+r5—2r,r, cosé, one

obtains
FIG. 2. Simulated planar density profilp} (z), for cutoffs, z5 =3.5, s%

=3.5. T*=0.70 (@), T*=0.80 (), T*=0.90 (W), T*=1.00 (O), T* 2mea® (=
=1.10(A), T*=1.20(00). T(rqy)= f drop(ry)rs
0
. L \ 1 Omax
system was adjusted with increasing temperature to allow X (3.9
; iFie ciqnifi 2+r2-2 6)?
planar two-phase coexistence. This is signified by the pres- (ritrz—2ryr,coso)

Hmin

ence of flat regions in the density profiles, which means the _ S

pressure of the system is equal to the coexistence pressuf@. evaluate this equation it is necessary to know the correct
However as the critical temperature was neared it becam¥@lUes offin and by

increasingly difficult to achieve these flat regions in the den- Case Iry>r

sity profile, even by adjusting the volume of the system. This ~ 1(8) F2<T1=T¢ Oin=0 bnay=

difficulty can be seen most prominently at the highest tem-  1(b) r2>T 1+ ¢ Omin=0 binax= L,

perature,T* =1.20. As temperatures increase, a systematic = 1(0) F1=Te<I2<r1+ ¢ Omin=r1+15=Tc/2 115 Opa=1.

decrease in the liquid density and increase in the vapor den-
sity can be seen. Also of significance is the increase in the
width of the interfacial region between the liquid and vapor
phases as temperature approaches the critical temperature.
The sudden drop in vapor density at the ends of each profile

Case Zr.>rq

2(a) o<t ¢=r1 Omin= Omax

2(b) ro>re+rq 00in=0 Opax=7

2(0) To—T1<TFp<TH+T1 Opin=T2+T3—T22r 1T 5 o= "Tr.

At some distance from the center of the cavity the per-

is due to the presence of the external potential at the edge frbation in the density by the solute is negligible. The inte-

the box.

gral of the density profile is dominated by the far region, and

so one can define the density of the simulations as

Ill. SPHERICAL GEOMETRY

A. Spherical truncation correction

N

L3—4mR®

(3.5

Poulk=

A Lennard-Jones fluid was simulated at a liquid density,yhere the denominator is the volume accessible to the atoms.
close to coeX|ste*nce at a temperat(re,in a cubic box with |t one assumes that the density has reached its bulk value by
sides of lengthL*. The solvent particles interact not only ihe edge of the simulation cell, E(.4) can be rewritten as

with each other but also with a hard sphere cavity with ra-

dius, R, located in the center of the box. The potential due to T(r)= 2mwea® Ld
this solute is of the form (ry)= . Jo F2p(ra)rs
( ) 0, ri>R (3 1) 1 Omax
Upglli)= . . X
», TIi<R (ré+r5—2r,r,cosf)?
. Omin
Analogous to the planar problem the solvent-solvent in- .
teractions are subject to an inhomogeneous spherical trunca- 2mEe 0 ppyik [
. . . . . + - dl’ 2I’2
tion and correction technique using a cutoff radius, ry L
<L/2. In terms of the pair density the total solvent-solvent )
1 max

potential energy is given by E@2.5). Assuming the system
has spherical symmetry and rotating it so thaties along
the z-axis, the tail contribution is

X

(3.6

2, .2 2
(ri+ry—2ryrpcosd)”|,

min

" " .. The first part of this equation is evaluated numerically during

Uc=4772f dr lp(rl)rif drzp(rz)rif dosindu(r ). the simulation using the current average density profile. The
0 0 Omin second part may be evaluated analytically.

(3.2 The change in the tail correction is included during the

The limits on the angular integral are given below. For eaclevaluation of the change in the potential for a trial move in

step in the Monte Carlo simulation the change in energy du¢he Metropolis algorithm. Further, the total truncation correc-
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tion to the potential energy of the system is the sum of thevhereA andV are the surface area and volume of the cavity,

individual contributions of each atom in the simulation

1 N
UC:EZ& T(r)). (3.7

B. Theory

For a spherical system with radi® with cavity of ra-
dius R, dV=47S?dS—47R?dR. If dS=0, the volume de-
rivative of the Helmholtz free energy is given by

JF kT 9Q KT 4Q
TG v IR TR (3.9
Y Q oV 47R°Q IR
whereQ is the configuration integral,
1 N
Q- [* ety
RIS
N 1
=] dfifff dw;e AU, (3.9
=1 JR/S

where dv;=sin8d#;d¢; andr =r/S.
The derivative is
N

&Q_ 3N
RS2

1 ) 47 R?
s 22 2 -1
R/Sdrlrl...cfj_lrj_lf dw! (—§§>

1
~ ~ ~ s N
fo/Sderrsz...(fNrﬁ,f dwN—ie=BuL(r™

fj:R/S
—47SNR?N 1 .
= dr,r9...of yf3
s’ RIS © N
xf dwN~1e AU (3.10
i,=R/S
The contact density can be expressed as
N
pc=<i21 5(R—ri)>. (3.12)

respectively, ang is the pressure of the liquid far from the
cavity. In this workR has been chosen to be the physical
radius of the cavity, as this is the simplest and most obvious
value with which to work. It would have been equally valid
to specifyR as some other arbitrarily chosen radius, such as
the equimolar radius or the radius of the surface of tension, if
these exist. This equation defing&R) for the present choice

of R. The right hand side of Eq3.13 can be obtained from
the simulation using Eq.3.11), and hencey(R) follows by
numerical integration.

Another relationship, derived by Hendersdmelates the
curvature dependent surface tension of a fluid surrounding a
hard wall cavity to the derivative of the contact density with
respect to the radius of the cavity,

—KTR dps(R)
Y(R)=—5 p&R

This expression is only valid in the large radius limit.

The surface tension can also be obtained as an integral
over the pressure tensor, although there is some uncertainty
on the microscopic expression for the laftét>'*This ap-
proach has not been used here.

(3.15

C. Small cavity theory

For small cavities,R<~¢, an asymptotic expansion
can provide a useful check on the accuracy of contact density
measurements. Following the arguments of scaled particle
theory?? in this regime small cavities can interact with only
one solvent particle at any one time. An insertion of a cavity
into a system would be forbidden if the cavity center is
within R of an atom center. The forbidden volume is given

by

Vi=NimR3. (3.16

This assumes that the forbidden volume about each atom do
not overlap, which will be true for small enough cavities.
The probability of a successful insertion of a cavity with
radiusR is

The angular brackets denote the ensemble average, an

hence one has
N
1 (s
QJr =

N (S
=6f drp...orye AL (3.12
R

r;=R

Substituting Eq.(3.12 into Eqg. (3.10 yields a relationship

between the contact density and the derivative of the Helm-

holtz free energy?

JF(R)
JR

=47R%kTp,. . (3.13

Furthermore for a canonical systeR(R) is related to the
curvature dependent surface tensig(R), by>+1114

F(R)=Vp+Ay(R), (3.19

PROOF COPY 502144JCP

Vi 49 .
P(R)=1— 3 =1~ poukz 7R".
Since the probability of inserting a cavitR=0, is P(R
=1)=1, and since the probability is proportional to the Bolt-
zmann factor of the Helmholtz free energy,

(3.1

P(R)=e AF(R), (3.18
one has
4
F(R):—len(l—pbulk§ WRB). (3.19

Equation(3.19 with Eqg. (3.14 gives the curvature depen-
dent surface tension directly in the small radius limit. The
derivative of Eq.(3.19 is

IF(R)  KTppudmR®
IR l_pbulk%ﬂ'Rg.

(3.20
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By substituting Eq3.13 into Eq.(3.8) a small cavity expan- of the volume element, which increases the statistical fluc-
sion for the contact density theory is derived tuations in the results. In contrast, due to the larger volume
element, many more atoms contribute to measurements made
L S (3.21 further from the surface of the cavity. Since accurate values
1= ppursmR® of the contact density are required, to overcome this problem
a preferential sampling scheme was implemeRtéd Here,
after each complete cycle of trial moves, every particle
gvithin the vicinal radius,r,, from the center of the cavity
was identified and then moved and sampled up to a further
60 times. During this further period of sampling, in order to

Poulk
Pc

This expression is exact in the lifik— 0, and is expected to
be a good approximation fiR<~o.

Small cavity theory can also be extended to an analysi
of the solute-solvent radial distribution functiogy,

. % _ _ preserve microscopic reversibility, any trial movement mov-
9ou(r,S)= WJ drodrye” #Vue”fons ing an atom beyond the vicinal radius was immediately re-
. e o jected. This vicinal sampling significantly reduced fluctua-
X &(ro=r)é(ry—s), (322 fjons in the density profile and increased the accuracy of the
whereQ(N,R) is the configuration integral for a systempf Measured contact density.
atoms with a cavity radius of radiuR. If R<|r—$§|<o Simulations were run for three temperatufés=0.70,
—R, thenU,c=0 and this becomes 1.00, and 1.20 at the constant coexistence liquid bulk densi-
2t o N—1—BU: drues ties measured in the planar section of this studf,,
o =0.84, 0.68, and 0.53 respectively. The size of imula-
Goy(F,S) = . (3.23 =0.84, 0.68, . pec'uvey.'l" e size o the simula
(V—347R3N) [ drNe AYL tion cell and the number of atoms within it were increased

with increasing cavity size but the bulk density, defined by
Eqg. (3.5 was kept constant at all times. A constraint was
placed on the minimum length of the bax}/2—R*>3.5,
SO as to minimize any interaction between the cavity and its
1 periodic images.
V_IrRN 1= R (324 By increasing the size of the simulation cell and the
number of atoms and keeping the overall density, ),
which is independent dff —s|. This result is valid for sol- constant as the size of the cavity is increased, constant
vent atoms within about a solvent diameter of a small cavitychemical potential conditions can be maintained to a good
The solvent density profile about the solute is approximation. This canonical Monte Carlo simulation
S method represents an economic alternative to constant
p(1) = pourdor(IF = S)). B2  hemical potential simulations. A similar constraint was used
in simulations by Stecki and ToxvaettiThey kept the av-
erage density outside a radius =R*+1.666 constant,
The local densityp(r;), in the simulation was measured whereas here the density outsige was kept constant. Here

as the average number of particlagi), in a spherical shell it was found that the local density at the edge of the simula-

of width A, around the radius; divided by the volume of tion approached the value of the bulk density and the adsorp-
the shell tion excess due to the cavity gave a negligible contribution.
To confirm this, measurements of the contact density were

Since the integrals are independenf®pflue to homogeneity
the one in the denominator \6times the one in the numera-
tor, and one obtains

Joa(r,s)=

D. Simulation

h(i) made for the same cavity in two different sized systems, with

p(r‘):4 NE AN (328 the same overall density. This produced the same result
—a| | ri+—=] - ( ri— —) } within standard error. It was concluded that keeping the bulk

3 2 2 density constant, as described above, was an acceptable
wherer; =R+ (i—1)A,+A,/2. method. Another alternative to constant chemical potential

The contact densityp., was calculated by linear ex- Simulations would have been to use constant pressure simu-
trapolation of the local density measurements from the firstations. Such an isobaric approach could be implemented us-

two shells ing expressions for the pressure tensor given in the
(o(r0) = p(r) literature6-13.14
pily)—pla .
po=p(ry)+ 5 _ (3.27) From an initial setup, 20 000 cycles were taken to equili

brate the system. Statistical measurements were made in the

A problem arises in the calculation of the local density infollowing 75000 cycles. Furthermore, at the completion of
the first few shells directly surrounding a small cavity. At the €ach cycle, there was a further 60 vicinal cycles. The vicinal
bulk densities dealt with in this paper the average number of2dius Wa_srj =R*+1.2 forR* <1.5. ForR*>1.5, no vici-
atoms in these cell can be very small. For example, for &l sampling was required.
system withpp,=0.84, R*=0.2, A¥=0.1 and assuming
p*(ry)=ppuk. the average number of atoms in the first two
shells would ben(1)=0.07 andh(2)=0.13. Measurements
of densities at these small radii become highly dependent on The results for the density profiles are shown in Fig. 3
the movements of a very small number of atoms into and ouand Fig. 4, forT*=0.70 and 1.00, respectively, for three

E. Results
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FLG- 3. Density profiles a_bout*a spherical_cavﬂ')t:O.lO. Monte Carlo  F|G. 5. Density profiles close to the surface of small cavities. (#@m-
R*=0.5 (W), Percus—YevickR*=0.5 (full line), MC R*=0.9 (4), PY  polg, PY (full line) and Small Cavity Theorydashed ling T* =0.70. The
R* =0.9 (dotted ling, MC R*=3.1 (O), PY R*=3.1 (dashed ling cavity radius isR* =0.1 (W), R*=0.2 (O), R* =0.3(A), R*=0.4 (O)).

examples of increasing cavity size. In general the contact ) i .

density is higher than the bulk density. The density drops af!€0ry remains accurate for a cavity wilkf =0.1 over a

the distance from the edge of the cavity is increased and Fdius ofr* —R*~0.9 while for a larger cavityR* =0.5, it

subsequent damped oscillation around the bulk density valu§ ccurate over a smaller spaft,—R*~0.2.

is observed. These results are compared with those obtained 1h€ adsorption excess per unit arégR), can be cal-

by using the Percus—Yevick integral equation technique. Thgulatgd from the |nd|V|.duaI d_ensny profiles as we systemati-

Percus—Yevick technique was found to give an excellenf@lly increase the cavity radius,

agreement for Monte Carlo simulations of systems for small 1 (=

cavities. However, as the cavity size was increased, the inte- I'(R)= @f drr2(p(r)—p..), (3.28

gral equation method begins to fail close to the solute. The R

overestimation of the contact density for large cavities iswherep.. is the density far from the surface of the cavijpy.

consistent with the fact that Percus—Yevick gives a largewas calculated as the average density in the regfonlL*

solvent pressure than the simulated coexistence pretmae —2 tor*=L*. The estimated'(R), for each of the three

the following). The density profile of the largest cavity in temperatures, is presented in Fig. 7. There was a large error

Fig. 4 is of particular interest as densities at all distance$n measurements made at very small valuesRofFor in-

close to the solute are smaller than the bulk density. Insteacreasing cavity size we find that the adsorption excess be-

of an oscillation around the bulk density a monotonic in-comes negative, as would be expected. At a higher tempera-

crease was observed until it reaches this value. ture,I'(R) tends to a negative value more quickly. The inset
Figures 5 and 6 compare the results of the simulatiorof Fig. 7 shows a comparison ef,, [Eq (3.5] andp... A

with Percus—Yevick and small cavity theory for two tem- slight increase irp.. from the bulk density can be seen for

peratures. The results show that small cavity theory provide$* =1.00 and 1.20 at largR. The density of the liquid sur-

an accurate estimation of the solute—solvent radial distriburounding the cavity is significantly less thaif,, for these

tion function close to the surface of the small cavity. Thetemperature at larger radisee Fig. 4, an effect not seen at

distance from the surface of the cavity, over which the smalthese radii forT*=0.70. This is possibly the cause of the

cavity theory remains an accurate approximation, appears wlightly higher density at the edge of the simulation cell.

be dependent upon the size of the cavity. The small cavityHowever this discrepancy in densities is minimal and further

1.6 - 0.85
147
0.8
2
~2 —
= © 0.75
21 =
£ B
) § 07
Oo.s - e
N R e 0.65
0.6 s TS 500 I Ja) L
\ At 5 O a
00 0 0 0 ng 0. 9T
0.4 1 . : - 0.6 ; : ‘
0 05 1 15 2 25 0 02 04 06 08
Distance from Surface of Cavity (o) Distance from Surface of Cavity (c)

FIG. 4. Density profiles about a spherical cavify,=1.00, symbols and  FIG. 6. Density profiles close to the surface of small cavitiEs=1.00.
lines as in preceeding Fig. 3, except that the largest radiBs is3.0. Symbols and lines as in Fig. 5.
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YR) (e/c”)

0 0.5 1 1.5 2 2.5 3 35
R (o) R (o)

FIG. 7. The adsorption excess per unit arB4R)*. T*=0.70 (A), T* FIG. 9. Curvature dependent surface tensigfR)*, T* =0.70, calculated

=1.00 (O), T*=1.20 (@). Inset. Density far from the cavityp , T* using Eq.(3.14 (@), and Eq.(3.19 (line). The planar liquid-vapor interface

=0.70(A), T*=1.00(00), T* =1.20(®), ppuk, EQ. (3.5 (horizontal line. surface tension valu@ashed horizontal lingsee Table)l. The planar sur-
face tension value from E¢3.32 (horizontal ling.

validates the decision to keep E®.5) constant as an alter-

native to a constant chemical potential simulation. p=p(R=2)kT. (3.30
The simulation results for the contact densities at eacty substituting the derivative of Eq3.29 into Eq. (3.15

temperature are shown in Fig. 8 and these are used to test tg d equating with Eg(1.1), one obtains,

Percus—Yevick results and the small cavity theory predic-

tions. For small cavities all results are in good agreement. _ Lo\ _ n (3.3

Small cavity theory breaks down quickly afteR* R 2 R ° '

~0.5-0.6 and diverges. In general the singlet Percusi_he planar surface tension predicted by E8j15 may be

Yevick becomes increasingly inaccurate as the solute size IS aluated directly from the paramety, from the polyno-

increased. For the case of a hard-sphere fluid, the Singl?rt]ial fit of the contact density
Percus—Yevick underestimates the contact density at the sur- '
face of large solutes and planar waflsFor the present kTy

Lennard-Jones fluid, the singlet Percus—Yevick evidently 7Y=="5 - (3.32
overestimates the contact density.

Figure 8 also shows a polynomial fit of the simulate

Yeo

26) _ kTa,  kTa

¢ Similarly the Tolman length may be expressed as

contact density values fdR>1.2¢, kTa, a,
> =-—_< 3.3
(Ry=agt 2122 (3.29 L M o
=apt =+ =3. .
Pe "R 'R? Using the polynomial fit to the contact density, Tolman's

The reason for only using three coefficient terms in this exEXPression for the curvature dependent surface tension, Eq.
pansion is that Eq.3.15 is not guaranteed exact beyond this (3'3])' IS plotte'd n ':'95- 9-11. The planar surface tens'lon
order. This equation allows one to predict the planar WaHesUmatgs obtained using E@.32 are also shown, as hori-
value of the contact density, i.e.(R—»)=a,. This is a zontal lines, and compared to the results of the simulated
useful result as the planar limit of the contact density can b@anar liquid-vapor interface given in Table I. The Tolman

used to calculate the pressure of the liquid, lengths calc_ulated fr_om E@3.33 are given in Table II. o
Alternatively, using the fact that the contact density is

the derivative of the Helmholtz free energy, curvature depen-

0.9 -
0.8
0.7
0.6
0.5
0.4 -
0.3
0 . ! 0.2 4

YR) (e/o”)

R (o) 0

FIG. 8. Contact density)} as a function of cavity radiu®*, Monte Carlo R (o)

(symbols, Percus—Yevick(full line), Small Cavity Theory(dotted ling,

least squares polynomial fit fd&®* >1.2 (dashed ling T*=0.70 (@), T* FIG. 10. Curvature dependent surface tensigfR)*, T* =1.00, symbols
=1.00(A), T*=1.20(H). and lines as in Fig. 9.
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to the contact density, E¢3.29. This had a minimal effect
051 on the planar surface tension and the curvature dependent
041 surface tension. However, the Tolman length itself was very
- sensitive to changes in the fit.
ﬁ 0.3 ...... AL N ISP . [
g ., IV. DISCUSSION
""""""" SO The main focus of this paper was to examine the behav-
01 ot ior of the surface tension of a liquid close to coexistence
o oo’ | surrounding a small cavity. The contact density profile was
0 ; 5 3 4 used by two separate means to evaluate the surface tension.
R () The large cavity density expansion, E§.15, provided not

only a measure of the curvature dependent surface tension,
FIG. 11. Curvature Dependent Surface Tensig(R)*, T*=1.20, symbols  pyt also an estimate of the planar surface tension(Eg§2
and lines as in Fig. 9. and the Tolman length, E@3.33). The planar hard wall sur-
face tension from this method, shown in Figs. 9—-11, can be

. . ..seen to be close to the planar liquid—vapor interface results,
dent surface tension can be obtained exactly for all radii, P d P

. ) . . measured in Sec. Il. This is a highly encouraging result and
Equation(3.13 may be numerically integrated to give the . . i o . i -
Helmholtz free energyF(R). Subtraction of the pressure implies that the hard-sphere cavity simulations provide a vi

term fromE(R) in Eq, (3.14 gives the curvature dependent able s_|mpler_ alt_ernat|ve .to the simulation of small bubples
. Y : when investigating the size dependence of surface tension.

surface tension. In the hard-sphere cavity simulations, how- g L
The least squares polynomial fit of the contact density is

ever, the pressure was not calculated. The simulations wer :
L . o of some concern. We have used a three term polynomial
performed as a liquid under conditions close to liquid—vapor oo :
. ) expansion; it is possible but not guaranteed that an extra
coexistence, therefore, it was expected that the pressure 0k, 3 . . ! :
. - .~ a°/R° term would remain valid and improve the fit. The
this system would be close to that measured for the liquid—_ . . . L
; - . : regime of validity of Eq.(3.19 is unknown, and it is there-
vapor interface. Substituting this coexistence presugy,

into Eq.(3.14), y(R) reached the planar value of the Surfacefore unclear_ if a better fit at smaller cavity radii would be
. : : LT : more meaningful. The curvature dependent and planar sur-
tension, v.., but continues to increase significantly in all

cases. This effect implies that the pressure in the hard-spheface tension results are relatively insensitive to the number of

. : . . . {&rms used in the fit. However, the Tolman length is very
cavity simulations is larger than the coexistence pressure, .. s .
Sensitive to the number of terms and the fitting regime.

The pressure, close to the coexistence values used in the Lo .
. ) D ) While it is unfortunate that an independent measure of
simulations, is highly dependent on the density of the sys: . L .
. .2 “the pressure in the hard-sphere cavity simulations could not
tem. A small departure from the planar coexistence liqui . . :
: ) . ; .~ 'be made, we believe that; is an accurate representation of
density, (e.g., ignoring the effects of the adsorption deficit,, -
; . . : . this value. From the Helmholtz free energy route to the sur-
due to the cavitycan result in a relatively large increase in LN .
face tension it can be seen that at very small radR) is

the pressure. A new pressufi, was chosen such that the much smaller than its planar value. The two methods of ob-

form of y(R), calculated from Eq(3.14), maximized its o . .
taining surface tension can be seen converging to each other
convergence to that calculated from E.15, as can be . : . . . .
S T .~ in the simulated cavity regimes shown in Figs. 9-11. It is of
seen in Figs. 9—11. The value pf; and the implied error in .
. . . ) . some concern that the results of E8.15 do not have quali-
density, calculated using an equation of stter this devia- . .
tative agreement with the Helmholtz route even at the larger

t|_on _from Peoex: are given in Table Il. This errorin the den_— radii. The fact that they tend toward each other but are not in
sity is very small and comparable to that in the inset of Fig.

. - ... ~full agreement in Figs. 9—11 implies that the regime of quan-
7. This value ofpy, was used to fixao in the polynomial fit . . o applicability of Tolman’s expression is beyond even

these large cavities.
TABLE 1l. The measured liquid—vapor coexistence pressyigey, IS Due to the sensitivity Of_the_TOIman length measgremgnt
shown in comparison to the fitted pressyrg. The bulk density of the ON the form of the polynomial fit to the contact density, it is
liquid, peuk. given by Eq.(3.5) is given for each temperature, as is the suggested that the results of the calculatiod,dbe taken as
planar contact density valup,(>), and the error in density implied by the a guide to its size but not as an exact result. There is evi-

difference betweepg; and peyey, Ap. The planar hard wall surface tension _
and the Tolman length calculated by £g§.32 and Eq.(3.33, respectively, dence, however, that the Tolman length becomes more nega

are also given. tive as the temperature approaches the critical temperature,
as was found in Ref. 27. In the Helmholtz route, fbf
™ 0.70 1.00 120 =1.00 and 1.20, any reasonable valuggfwill causey(R)
P 0.005 0.025 0.069 to become greater thay, , at suitably large radii. A negative
[ 0.210 0.100 0.138 Tolman length value is therefore required to achieve the cor-
Phulk 0.84 0.68 0.53 rect asymptotic limit. In contrast, fof* =0.70, v(R) ap-
pe(*)* 0.15 0.10 0.14 pears to approacly., from below, which implies a positive
é,’j (1):(1)3 8:2;1 g:ggg Tolman length. These results are consistent with the large
5 0.15 034 072 radius expansion of the contact density results and the Tol-

man length results given in Table II.
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